On dlog image of K2 of elliptic surface minus singular 

fibers 



Masanori Asakura 



Abstract 

Let vr : X — > C be an elliptic surface over an algebraically closed field of charac- 
teristic zero and Di = 7r~^(Pj) the singular fibers. Put U = X — UtDi. Our objective 
in this paper is the image of the dlog map r{U, IC2) r{X, il^(log ^ Di)). In par- 
ticular, we give an upper bound of the rank of the dlog image, which is computable 
in many cases. This also allows us to construct indecomposable parts of Bloch's 
higher Chow groups CH^(X, 1) in special examples. 

1 Introduction 

Let U he a. nonsingular variety over a field of characteristic zero. Let X be a smooth 
compactification of U such that D := X — U is a. normal crossing divisor. Then there is 
the dlog map 

dlog : r(f/,/C2) r{X,n\i\ogD)) 

from the i^'-cohomology group to the space of the algebraic differential 2-forms on X with 
logarithmic poles along D. When the base field is C, the dlog image is contained in the 
Betti cohomology group Q(2)): 

diogr(t/, /C2) ®z Q c r(x, n\{\ogD)) n hI{u, q(2)). (li) 

In the paper j2] Beilinson conjectured that the equality always holds true in (see 
also 10] 5.18, 5.20). However very little is known about it. 

In the present paper we study the dlog image in a different way from the above when 
U is the complement of the singular fibers in an elliptic surface. The main results are 
Theorems A and B. 

Theorem A concerns K2 of Tate curves. Let be a finite unramified extension of 
Qp and R its integer ring. Let Eq be the Tate curve over the ring R{{q)) := -R[[g]][g^^] 
of formal power series with coefficient in R. Then Theorem A gives a criterion for 2- 
forms on Eg to be contained in dlog image of K2{Eg). It also gives a bounding space for 
K2 of elliptic surface over R. Namely let ttr : Cr be an elliptic surface over R 

which has /2-rational multiplicative fibers Dr (see §2.31 for the precise definition). Put 
Xk '■= Xr K, Xj^ := Xji Xji K etc. Let U-j^ be the complement of the all singular 
fibers. Then we introduce a Zp-submodule $(X/j, Dr)^^ C r{XR,Q'^^^j^{logDRj) and 
show 

dlogr(f/-^, /C2) ®z Qp C $(X^, Dr)^^ Qp (1.2) 
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under a mild condition on p (Theorem 

Theorem B concerns an upper bound of the rank of the dlog image of K2 of el- 
hptic surface minus singular fibers. Due to Theorem A we get rank2dlogr'(?77^, /C2) < 
Y ankzp^ {X Fi, Dii)z^. However this is not enough to compute an explicit bound as it is 
usually difficult to compute the Zp-rank of ^{Xn, Djijip- Theorem B enables us to replace 
^{Xr, Dnjzp with a finite dimensional Fp-space ^{Xn, D^jf^, which will be introduced 
in ^6.11 Theorems A and B imply that 

rankzdlogr([%, /C2) < dim^^<l>{XR, Dr)^^ (1.3) 

under some conditions on p and Xr f Theorem 16. 2|) . 

One can compare ()1.2|) or ()1.3|) with I expect that the equality also holds in 

()1.2|1 (Conjecture I3.7|l . If it is true, then the equality in ()1.3|1 also holds (see Conjecture 
16.31 and the remark after it). Conjecture 13.71 is true in the modular case (Theorem 18. Ij) . 
However I have no idea how to attack this problem in general. 

Our ^{Xpt, Dr)zp and ^{Xr, Dr)^^^ are defined from the Fourier expansions of 2- 
forms at the neighborhoods of multiplicative fibers. They are completely different from 
the right hand side of (jl.lj) . One of the advantage is that ^{Xr, Dr)^^^ is computable in 
many examples. In fact we will give the following examples in ^ 

Corollary 1.1 (Theorem 19.11) Let tt : X — > be the minimal elliptic surface over C 
such that the general fiber TT^^{t) is the elliptic curve defined by Y"^ = X^ + + t". Let 
U be the complement of the all singular fibers in X. Then we have 

rank dlogr(f/, /C2) =2 forn = 2, 3, 5, 7, 11, 13, 17, 19, 23, 29. 

The dlog image is generated by 

'^Xy+X' '^XiY + (X + 2I3)' [X + 2l3f]' 

Since vr : X — > is defined over Q, it seems difficult to obtain the above result without 
using $(Xij, Dr)yp- For example I do not know whether dim^F^ fl Hr{U, Q(2)) = 2. 

Computations of the rank of dlog image can be applied to the constructions of the 
indecomposable parts of the Adams weight piece Ki{XY'^^ of X (which is isomorphic to 
Bloch's higher Chow group CH^(X, 1) (g) Q) in special examples. In fact using Corollary 
II. II together with Stiller's computations on Neron-Severi groups ([221, [22]), we can obtain 
the following: 

Corollary 1.2 (^Theorem 19. 5n Let tt : X ^ P"*^ be as above and Di (1 < i < n + 1) the 
multiplicative fibers. Let K^^'^{X)^'^^ denotes the indecomposable Ki 

where NS{X) denotes the Neron-Severi group. Then we have 

n+l 

dim Image(0ir;(A) — > K'^'^iXY^^) =n-l /orn = 7, 11, 13, 17, 19, 23, 29. 

i=l 
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1 do not know how to show the non- vanishing of the regulator image of ®iK[{Di) in the 
indecomposable part Q(2))/(C* C?) NS(X)) of the Deligne-Beilinson cohomology 
group. 

Acknowledgements. I would like to express special thanks to Dr. Seidai Yasuda who 
pointed out that Theorem A in an earlier version can be improved by using Kato's explicit 
reciprocity law. Before his comments, I used the Artin-Hasse formula for the proof and was 
dissatisfied with a half- finished statement (Remark I also thank Professor Kazuya 
Kato who informed me his papers and with many valuable suggestions. Most 
parts of this paper was written during my stay at the University of Chicago in September 
2005 supported by JSPS Postdoctoral Fellowships for Research Abroad. I thank for their 
hospitality, especially to Professor Spencer Bloch. 

2 Preliminaries 

For an abelian group M, we denote by M[n\ (resp. M/n) the kernel (resp. cokernel) of 
multiplication by n. M^^v denotes the torsion subgroup of M . 

2.1 Algebraic iC-theory and iC-cohomology 

Let X be a separated noetherian scheme. Let P{X) be the exact category of locally 
free sheaves, and BQP{X) the simplicial set attached to P{X) by Quillen (^ZI, |2l]). 
Quillen's higher K -groups of X are defined as the homotopy groups of BQP(X): 

Ki{X)= 7T,+,BQP{X), t>0. 

We refer for the general properties of higher i^-theory such as, products, localization 
exact sequences, norm maps (also called transfer maps) etc. 

Let JCi denote the Zariski sheaf on X associated to the presheaf 

U h— . K,{U) {U C X). 

The Zariski cohomology groups H^^^^{X,lCi) are called the K-cohomology groups (Plj §5 
etc.). Assume that X is a regular irreducible scheme of dimension d. We denote by X^ 
the set of points of height j. We write by /t(x) the residue field of a point x G X and 
ix '■ {x} X the inclusion. Then we have the complex 

^ /C, ^ K,{k{v)) ^ i.*K,^i{>^{x)) ^ . ^,,ir,_,(/€(x)) ^ (2.1) 

of Zariski sheaves where rj is the generic point. 

Theorem 2.1 (Gersten conjecture) The complex ()2.H) is exact in either of the fol- 
lowing cases. 

1. i > and X is a nonsingular variety over a field, 

2. i = 2 and X is smooth over a Dedekind domain. 

Proof. The former is due to Quillen Thm. 5.11, and the latter is due to Bloch ^j. 
Q.E.D. 
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Suppose that X is either of the cases in Theorem 12.11 Then 1^2.1^ gives the flasque 
resolution of the sheaf /Cj so that we have the isomorphism 

rrj (X r\'^ ker(0^g^, K,_j{K{x)) 0^g^,+i K^^j^ijKjx))) 
' Image(e^,^,_,ir,_,+iKx))-e,,^,K,_,Kx))) 

Hereafter, we often use the identification ()2.2j) . In particular, we identify /^(X, /C2) = 
-^Zar(^) ■'^2) with the kernel of the tame symbol 

r = : K^i^iv)) ^{x)*, {f,g} ^ J] (2-3) 
xexi xGXi lexi ^ 

Here denotes Milnor's 7^2- 

Let X be a regular scheme of dimension d. There is the natural map K2{X) — > ker r, 
which is surjective if tensoring with Z[l/((i + 1)!] (jSHI Theoreme 4 iv)). In particular, if 
X is either of the cases in Theorem \'2.1\ we have a natural surjection 

MX) « Zl^l _ nXX.) ® Zl^l. (2.4) 
2.2 Regulator and dlog maps on /^(X, /C2) 

Let Wk be a nonsingular variety over a field k. There are the regulator maps (also called 
the Chern class maps) 

CB : r{Wc,}C,) Hl{Wc,Z{2)) (2.5) 

to the Betti cohomology group when k = C, 

c,t : r{Wk, /C2) ^ HliWk, Z/n{2)) (2.6) 

to the etale cohomology group when n is invertible in k, and 

CdR : r(H^fc, /C2) HjniWk/k) (2.7) 

to the de Rham cohomology group when k is of characteristic zero (cf. §23. See also 
jHj, PH] for the general Chern class maps on Quillen's -ft^-groups). 

The following theorem will play an essential role in the proof of Theorem B. 

Theorem 2.2 (Suslin's exact sequence ; [27 \ Corollary 23.4) Suppose that n is in- 
vertible in k. There is the natural exact sequence 

r{Wk,IC2)/n ^ HUWk,Z/n{2)) i7L(W^fc,^2)M ^ 0. (2.8) 

Suppose that k is of characteristic zero. The de Rham regulator CdR factors through 
the Hodge filtration F^Hjj^{Wk/k) = r{Wk,^lr, (log/^fc)) where Wk D Wk is a smooth 

*' k 

compactification such that Dk '■= Wk — Wk is a normal crossing divisor. Thus it gives 
rise to the dlog map 

dlog : r{Wk,)C2) — r(Wk,nl,^{\ogDk)), (2.9) 
4 



which is written as ^{/, ^ '^df / f.dg/g under the identification ()2.2|1 . 

Let y4 be a discrete valuation ring with a uniformizer vr. Suppose that the quotient 
field K is of characteristic zero. Let Wa be a smooth scheme over A and W a D Wa 
smooth over A such that Da = ^ Di^a '■= Wa — Wa is a relative normal crossing divisor 
over A, which means that all Di^A are smooth over A and any intersection locus of Da 
are also smooth. Put Wk '■= Wa ^aK. Then the dlog map ()2.9|1 induces 

dlog : riWK.lC^) — r{WA,nl,^^^{\ogDA)). (2.10) 

We can see it in the following way. Let 

^kM(l°g) ■= - E,^,,ny {\ogE)) C fi^^(^)/^ 

E 

where E runs over all divisors on W a such that each irreducible component is fiat over 
A and -Esing denotes the singular locus. We claim that the image of the dlog map 



is contained in ri|^^^^(log). In fact let / G K{Wy. Since d{cf)/{cf) = df/f for c e K* 

and Wa is smooth over A, we may replace / with vr™/ so that all irreducible components 
of the divisor of / are fiat over A. This shows df/f G Q^^^^(\og) for all / G K{Wy and 

hence df/f ■ dg/g G n^^^^{\og). Let 

ReSa; : fi^T /.(log) — > i7-'7\,,i- 

^ VKaM^ K.{x)/K 

be the residue map at x. Then we have a commutative diagram 

Ki^{K{W)) e.,^i«:(x) 

dlog 



K 

dlog (2.11) 



The kernel of the bottom arrow is 

limr(W^ - Esing, fi|,^/^(logDA)) C lim r(WA - z, n^^^^^ihg Da)) 

E codimZ>2 

= r{WA,n^^/A(^ogDA)). 

The last equality follows from the fact that VL^ ^^(logD^) is locally free of finite rank. 
Thus the diagram ()2.1H) together with the identification ()2.2p gives rise to ()2.1()|1 . 

2.3 Elliptic surface and multiplicative fiber 

Let A be a field or a discrete valuation ring. In this paper, we mean by an elliptic surface 
over A a projective fiat morphism tia '■ Xa —>■ Ca of A-schemes such that 

(i). Xa and Ca are projective and smooth schemes over A of relative dimension 2 and 
1 respectively, 
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(ii). The general fiber of tta is an elliptic curve, 





(iii). tta has a section ca '■ Ca —>■ Xa- 

Let K be the quotient field of A and K the algebraic closure. Put '■= Xa Xa K and 
Xj^ := Xa Xa K etc. If all fibers of ttk '■ Xk — > Ck are free from (— l)-curves, we call it 
minimal. It is well-known that there is a unique minimal elliptic surface vr^ : Vk — Ck 
over K with a surjective map px '■ Xk — * Vk such that 'k'kPk = t^k'- 

Xk -Vk 



K 

The classification of the singular fibers of minimal elliptic surface is well-known thanks 
to works of Kodaira and Neron. I refer the reader to the book 21J IV §8. Note that if 
■kk has a section, then there is no multiple fiber (often denoted by 

Let C := X Z/m be the disjoint union of copies of indexed by Z/m. Attach 
the point of z-th to the point oo of (i + l)-th P|. Then we have a connected proper 
curve Ci over SpecZ with the normalization C ^ Cz- We call C^x S the standard Neron 
polygon (or standard m-gon) over a scheme S (cf. |6_, II. 1.1). 

Let D-i^ be a singular fiber of tt;^. If there is a closed subscheme C which is 
isomorphic to a standard m-gon, then we call a multiplicative fiber or type J^. This 
is equivalent to say that Pk{D-i^) is a standard m-gon. 

If the elliptic surface ha '■ Xa — > Ca satisfies the following condition, we say that it 
has A-rational multiplicative fibers: 

(Rat) There is a closed subscheme C Ca which is a disjoint union of finite copies of 
SpecA such that 

(i) . a singular fiber tTj^{P) over P G Ca{K) is multiplicative if and only if P G 

(ii) . for each A-rational point P of Sa, there is a closed subscheme D\ C 7r^^(P) 

which is isomorphic to a standard Neron polygon over A. 

When A = K, the above is automatically satisfied. 

Notation . Let it a '■ Xa Ca be an elliptic surface over a discrete valuation ring or a field 
A satisfying (Rat). Let Sa = {Pi, ■ ■ ■ , PJ with Pi = SpecA. We put Sa := Ca - Sa, 
Di,A ■= 7i^^{Pi,A), Da := A,a and Ua ■= Xa - Da'- 

Ua > Xa 



TA 



Sa ^ Ca- 



We put by > 1 the number of the irreducible components of the standard Neron 
Aa C A,a (i.e. Dj, 



polygon C Di a (i-e. ^ is a standard rj-gon). Equivalently, rj is the pole order 



of the functional j-invariant of X^ C^ at Pj. Moreover let S)^ C Sa be an arbitrary 
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open subscheme such that Ta : = 
reduced subscheme. We put C° : = 
X° := Xa — Ya- 



{Sa — 5'°)red is flat over A where 'red' denotes the 
Ca - Ta, Ya := vr^^(T^)red, := Xa-Da- Ya and 



1"A 



2.4 Boundary maps 

Let TiA '■ Xa Ca be an elhptic surface over a discrete valuation ring or a fleld A 
satisfying (Rat). For each multiphcative flber Di^A, we flx an irreducible component 
Zi^A C dI ^ of the standard Neron polygon and a singular point Qi^A of D] ^ such that 
Qi,A £ Zi^A- Put Z*^ = n -DJ'^°^ where -DJ'^''^ denotes the regular locus. Then Z*^ is 
isomorphic to Gm,A- Let Tj : r'([/^,/C2) — ^ -^(^j*A5^i) be the tame symbol ()2.3|1 at Z*j^ 
and ordj : r'(Z*^,/Ci) ^ Z the map of order at Qi.A- Put di := ordj ■ r^. We call the 
following map the boundary map in algebraic if-theory: 

s 

9 = 09,: r(f/°, /C2) Z®^ (2.12) 

j=l 

It is easy to see that di does not depend on the choices of Zi^A nor Qi^A up to sign (cf. [TH] 

1.5 or ^4. 2. II below). Since our objective is the image of the boundary, the sign ambiguity 

does not matter. We write the composition K2{U'^) r{U\,lC2) ~^ by the same 
notation d. 

There are the corresponding maps (which we also call the boundary maps) 

dB:Hl{UlZ{2))^Z®' (2.13) 
on the Betti cohomology when A = C and 

9et : HliUl Z/n(2)) Z/n®^ (2.14) 

on the etale cohomology when A = is an algebraically closed fleld in which n is invertible. 
They are compatible with d under the regulator maps cb and c^f The map 83 is deflned 
as the composition of the following maps 

s s 
i=l i=l 

The deflnition of Oct is similar. Note that 83 (or det) is also deflned as the composition of 
Hl{Ul,Z{2)) ^ Hl^yj^{Xc,'L{2)) and the Poincare-Lefschetz duality Hl j^{Xc,'L{2)) = 
Hii^DcZ) = Z®*. In particular, 83 is a homomorphism of mixed Hodge structure (we 
put the trivial Hodge structure of the right hand side of ()2.13|) ). and d^t is compatible in 
Gfc-action. 

Let K be the quotient fleld of A. Suppose that the characteristic of K is zero. Put 
Xk '■= Xa y<A K etc. Then the dlog map ()2.10p induces 

dlog : r(t/^,/C2) — r{XA,nj,^/^i\ogDA)). (2.15) 
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We can see it in the following way. A priori the dlog image is contained in r[U^, /^)- 
It follows from pTTTHl that we have dlogF {U^ , IC2) C r{X%Qj^^/^{\ogDA)). Moreover 
we claim that dlogr'(?7{^, /C2) C /^(X^^, f2|-^^^(logDii-)). To see this, we may replace K 
with C. Then it is enough to show F^h£{U^/C) n Q(2)) C F^Hl^{Uc/C) = 

r{Xc,Q'^^^^(logD(c)). However it follows from the exact sequence 

HlsiUc, Q) HliUc, Q) HliUl Q) H^^^iUc, Q) 

of mixed Hodge structures and the fact that H^^j^{Uc,Q) = Q(-l)® and H^^j^{Uc,Q) is 
of type (1, 2) + (2, 1) (cf. HI). Thus we get 

dlog : r(f/° ,/C2) -^r(xo,fi^^/^(iogDA)) n r(x^,fi^^/^(iogD^)) 

= nx A, nj,^/^i\og Da)) 

where the equality follows from the fact that Q'^^^y^(\ogDA) is a locally free sheaf. 
The Poincare residue gives rise to the boundary map 

9dr : r{XA, n'xM^ogDA)) — > A®^ (2.16) 
on the de Rham cohomology group. It is compatible with d under the dlog map ()2.15|) : 



nXA,nl^/Ai^ogDA)) ^ 

dlog 



:2.i7) 



Lemma 2.3 dlogr(f/^, /C2) = 9r(f/^,/C2). In particular, < rankzdlogr(t/^, /C2) < s. 

Proof. It is enough to show that d^R is injective on the image dlogr'([/5, /C2). To do 
this, we may replace A with K. Moreover it follows from a standard argument that 
we may assume K = C d^ji is compatible with ds and the dlog image is contained in 
if^(?7£, Z(2))/(torsion). Therefore it is enough to show that the following map 

F'Hl^iU'JC) n {hUu'c, Z(2))/torsion) ^ Z®^ (2.18) 

is injective. Since 83 is a homomorphism of mixed Hodge structures, the injectivity of 
f)2.18|) follows from the Hodge symmetry. Q.E.D. 



Lemma 2.4 (1) 9r(f/^,/C2) = 9r(f/o., /C2) . 

(2) Suppose A = K (i.e. A is a field). Then we have ^/^(f/j^, /C2) = dr{U%,K2) and 
dr{U%, /C2) ® Q = dr{U^, IC2) ® Q. 
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Proof. (2). Let k be the residue field of K and and Sk the special fibers over Spec/c. 
It follows from a commutative diagram 





0\* 



©a;G(!70)i ^ 



©xG(C/0)2 ^ 





and the Gersten conjecture (Theorem 12.111 that we have an exact sequence 

r{u% ic,) riul, IC2) — ml /Ci). (2.19) 

Since r{Ul }Ci) = r{Sl,ICi), we have a commutative diagram 



with exact rows. A diagram chase yields that the map 

is surjective. It is clear from the definition that dir'^r^S'^, /C2) = 0. Thus we have 

ar(t/o,/C2) = 9r(t/o,/C2). 

(2). We first show that ^/^(f/x, /C2) = ^/^(f/^, /C2). It follows from a commutative 
diagram 











K^\K(U)) > @.^vl<x) 
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and the Gersten conjecture (Theorem 12.111 that we have an exact sequence 

riUK, IC2) — > r(f/° , /C2) ker c. (2.20) 

We claim ker c = r{TK, ICi). In fact, let n : ~^ be the normalization. Then we 
have a commutative diagram 





ker yU* 



0. 



Since Yk is regular, we have ker c = FiTx, ICi) and Coker c = Pic(yK)- Therefore it is 
enough to show that the map ker/i* Pic(yft') is injective. To do this, we may replace 
K with K. Let Pic(l^) — ^ Z® be the degree map. Then the kernel of the composition 
keifi^ Pic(y7^) — >• Z® is isomorphic to Hi{r(Y-j^),Z) where r(Y-j^) denotes the dual 
graph (cf. ini I 3.5). Since all fibers over T-j^ are not multiplicative, it is zero. 
Now we have a commutative diagram 



r{SK,iC2) 



riUK,}C2] 



r{SK,iC2) 



r 



/C2) 



r(Tx,/Ci) 



ker c 



r(T^,/Ci) 



with exact rows. A diagram chase yields that the map 

is surjective. Since (97r^r(5^, /C2) = 0, we have dr{UK,JC2) = 9r(f/°;, /C2). 

Next we show that dr{U%, /C2)®Q = dr{U^, /C2)®Q. There is a finite extension L/K 
such that dr{Ul, /C2) = dr{U^, /C2). We want to show dr{U%, /C2)®Q D dr{Ul, /C2)®Q. 
Recall that the elliptic surface Xk Ck has i^'-rational multiplicative fibers (i.e. (Rat)). 



Therefore the norm map Nl/k ■ -r(t/°,/C2) 
commutative diagram 



L/K 



r{U%,lC2) on i^-cohomology induces a 

Z®^ 

mult, by [L:K] 



r{ul,iC2) 

Thus the assertion follows. Q.E.D. 
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Due to Lemma EH (2), the quotient dr{U^,lC2) /dr{UK,K.2) is finite. We will later 
discuss when it is p-torsion free in case that 7^ is a local field (Theorem B (1)). 



3 Theorem A and ^{Xr, Dr)^^ 
3.1 Tate curves over complete rings 

Let A be a noetherian local ring which is complete with respect to an ideal qA. Then the 
Tate curve Eq = Eg^j^^g^i^ is defined to be the proper smooth scheme over defined 
by the equation 

y"^ + xy = + a4{q)x + ae{q) (3.1) 

with 

n=l ^ n=l ^ ^ ^ 

Let O be the infinity point of Eg. The series 

x{u) = y , -2y , ^" (3.3) 



converge for all u G — g^. They induce a homomorphism 



^r'i7.^-^;,(^r'i). ..^ (3.5) 

\0 n u e q , 

which is bijective if A is a complete discrete valuation ring. We often use the uniformiza- 
tion ()3.5|) . In particular, we have 



dx du 



2y + X u 
which we call the canonical invariant 1-form. 
Definition 3.1 (Theta function) 

oo 



(3.6) 



e{u) = e{u, q) ^ (1 - u) JJ(1 - g"M)(l - g"M-^) 



n=l 



9{u) converges for all u G A[q ^]* and satisfy 

e{qu) = e{u-^) = -u-^e{u). (3.7) 

In particular a function 

/""-n|g (3.3) 
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is g-periodic if Yli^i/l-^i — ^- Suppose that A = 7^ is a complete discrete valuation ring. 
We denote by /C its quotient field. Then, for any rational function f{u) on E^-j^, one 

can find c, a^, /5j G /C* such that f{u) is given as in ()3.8|) . Thus we have the one-one 
correspondence 



IC{E,r ^ jcn^l^ ; c, a„ A e /C* with fJa,/A = l| , 



(3.9) 



by which we often identify the both sides. 
3.2 Statement of Theorem A 

Let p > 3 be a prime number, and r > 1 an integer. Let Rq be the integer ring of 
a finite unramified extension Kq of Qp of degree d. Since Ko/Qp is unramified, there 
is a cyclotomic basis /i = {Ci, ■ ■ ■ ,Cd} of Ri, namely Q are roots of unity such that 
Rq = 0^=1 ^pCi- Letting go be an indeterminate we put q := q^. Let Eg = .^^ /{^((qo)) be 
the Tate curve over Ro{{qo)) := -Ro[[Q'o]][Q'o'^]- 

The dlog map K.2 ~^ ^"e^/Ro of Zariski sheaves on Eg gives rise to 

dlog : r(E„ IC2) nE,, (3.10) 
We also write by dlog the composite map 

K,{E,) r{E,,}c,) ^ r(E„fi|^/^j i?o((go))^-, 

go u 

where the last map is the natural map. Define a map 

■ Roiiqo))^- UiZp/eZpr' (3.11) 

~ gn M 

fc>l 

in the following way. (Note that the inner component of the right hand side is zero unless 
p\k.) Express 

dqodu Adqodu 



00 d 



Sr^ i , V^V^ « ^«^o \ dqodu /qiq\ 
Ec^.o + EE-.TTo^)— (3-13) 

with a^*"* e Zp, which are uniquely determined. Then we define 

go M 

where bars denote modulo fc^Zp. 

Theorem A. Suppose that p is prime to 2r. Then the composition 

ME,) ^ i?o((go))^- ^ U^^p/eZpr (3.14) 

qn u 

k>l 

is zero. 
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Remark 3.2 We can replace K2{Eq) with r{Eq, }C2) in Theorem A if p > 5. In fact the 
map K2{Eq) ® Z[l/6] — > r{Eq, IC2) ® Z[l/6] zs surjectzve as dimEg = 2 (JE^ Theoreme 
4 w)). 

Theorem A is the most important result in this paper. It gives a criterion for 2-forms 
to be contained in the dlog image. 

We will prove Theorem A in ^ and ^ The outline is as follows. We first construct 
the following commutative diagram 



K2{E,) 




^o((go))^f ^ Roiiqo))* ® Z[r-i] — (i?o((go))b-^])* /p^ 

for V >1 where h is the natural map from the ring homomorphism i?o((9o)) Ro{{1q))[p~^] 
and L is given by /i ^— The map is defined from the etale regulator and the weight 
exact sequence on the etale of Tate curve (cf. ()4.43|) ). The map is defined in the 
way of algebraic i^-theory, which turns out to be an analogue of the Beilinson regulator, 
though our construction is completely different from Beilinson's one (and it is rather sim- 
ple) . Although the three maps dlog, t^o and are defined in different ways, it turns out 
that they are compatible. In particular we can reduce the problem to the characterization 
of the image of r^. It follows from the definition that the image of is contained in the 
kernel of the map x y-^ xU q oi cup-product in etale cohomology groups of -Ro((?o))[p~^]- 
Thus we get a vanishing 

{roo(0,?} = iTiK^\R^{q,))/p- (3.15) 

for all G K2{Eg) where Ro{qo) denotes the p-adic completion of Ro{{qo)) (cf. ^4.1.11) . 
Finally we apply Kato's explicit reciprocity law to ()3.15|) and obtain the desired result. 

Remark 3.3 In an earlier version, I proved Theorem A only in the case of Ro = and 
only for k < p{2p — 2) . The outline of the proof was the same, but I used the Artin-Hasse 
formula instead of Kato 's explicit reciprocity law. Dr. Yasuda informed me Kato 's work 
and pointed out that we can get more general statement. 

The map 0^ depends on the basis fi. However we have 
Lemma 3.4 The kernel of ip^ does not depend on the choice of fi. 

Proof. Let /(go) ^ -Rolbo]] be expressed as in ()3.13p . Then 

4^ G kZ.^ for VA;, z ^ /(go) = go;^ log/i(go), 3/i(go) G i?o((go))* (3.16) 

ago 

where log(l — x) = — J2i>i ^V^- Note that h{qo) is uniquely determined up to constant. 
Let a : Rq ^ Rq he the Frobenius automorphism and ip : -Ro((go)) Ro{{%)) the 
endomorphism such that ^piaq^) = a{a)q^Q for a & Rq (which is also called the Frobenius). 
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Put lip{g) = p ^ \og{(p{g) / gP) for g G Ro{{qo))* (cf. ^5.Hj] . Let ( E Rohe an arbitrary root 
of unity. Since a{() = C^, we have 

m>l,(m,p)=l 

Therefore if we express 

oo d 

%o)=c(-gornn(i-c^^of' 

fc=l i=l 



with c e i?o, m E Z and —k})'^ = a^i^\ then we have 



m 

k=l i=l m>l,{in,p)=l 

One can easily show that 

a'ji^ G fc^Zp for Vfc, i ^ G A;Zp for VA;, i (3.17) 

^ ^^(/^) = q^^g{qo), e RoHqo)) (3.18) 

ago 

by the induction on k. Since the right hand side of ()3.16|) and ()3.18p do not depend on 
fi, we see that so does not the kernel of 0^. Q.E.D. 



3.3 ^{Xji^ Dji)'Zp : a bounding space of dlog image 

Let p > 3 be a prime number. Let i^T be a finite unramified extension of Qp and R its 
integer ring. Let tt/j : Xji Cr be an elliptic surface over R satisfying (Rat). We use 
the notations in §2.31 Assume that p is prime to ri ■ ■ ■ r^. Let ti G Ocj^ be the uniformizer 
of Pi^R ioT 1 < i < s. Let ti : Speci?((tj)) — > Sr be the punctured neighborhood of Pi^R 
and Xi the fiber product: 

X, . Ur 

Speci?((ti)) > Sr. 

Then Xi is isomorphic to the Tate curve (e.g. |,6, VII Cor. 2.6). More precisely let 
q G R{(ti)) be the unique power series such that ordt-(g) = rj and 

j(Xi) = i + 744+ 196884g + --- . (3.19) 

Then there is an isomorphism 

Xi = E^Miu)) (3-20) 

of -R((ti))-schemes (e.g. VII. 2.6). The isomorphism ()3.2()|1 is unique up to the trans- 
lation and the involution u h-^ u^^. Put aj := t^' / j{Xi)\t-=o = tl'/q\t-=o G R*. Let 
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Ki = K{ay^^) and Ri its integer ring. Since p is prime to r^, Ki is also unramified 
over Qp. There is qi G Ri{(ti)) such that = g and we have Ri{(ti)) = Ri{{qi)). Put 
/^(Xr, f2^^y^(logDR))zp := 9^jj;(Z®*) where ddR is the boundary map ()2.1fij) . We have 
the composition of natural maps 

^R^m) — - (3.21) 

qi u 

where the isomorphism in the middle is due to ()3.20j) . Let di = [Ki : Qp] and fix a 
cyclotomic basis fii of Ri. There are the corresponding maps on i^'-cohomology to ()H.2H) 
which give rise to a commutative diagram 

r{Un, IC2) ® Zp ^ r{XR, nl^/^{\ogDn)U, 



Let (pi be the composition of the right vertical arrows. 

Definition 3.5 ^Xn,DR)^^ := ker(©0,) = 0'=! ker 0^ C r(X^,, ^]^^/^(logDfi))z,. 

It follows from Lemma EiH that D/j)^^ does not depend on the choice of the 

cyclotomic basis fii and hence depends only on {XrjDh). By Theorem A and Re- 
mark O we hav^0^dlog = in (IT^ if p > 5 and (^^^dlog) ® Q = if p > 3. 
Thus we have dlogr(t/^,, /C2) ® Zp C <^{Xr, Dr)z^ if p > 5^nd dlogr{UR, IC2) ® Qp C 

Summarizing above together with Lemmas 12.31 and 12.41 we have 

Theorem 3.6 Let R he the ring of integer in an unramified extension K of Qp, and 
TiR : Xr — > Cr an elliptic surface over R satisfying (Rat) . Then we have 

dlogriUl, IC2) (S)z Zp C $(Xh, Dr)^^ tfp /6ri • • • r„ (3.23) 

dlogr(C/^,/C2)®zQpC$(X/j,Dfi)z,®z,Qp z/p /2ri---r,. (3.24) 

Although the sequence ()3.14j) is far from exact, I expect that the equality in ()3.24j) holds, 
namely the dlog image is characterized by the numerical conditions on the Fourier coeffi- 
cients: 

Conjecture 3.7 (characterization of dlog image) 

diogr([4, /C2) ®z Qp = HXr, Dr)j^^ Qp. 

We will see in §Hlthat it is true for modular elliptic surfaces. 
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4 Construction of ( , ) and Too 

In this section we construct maps 

( , ) : K^'{lC{uf) JC*, (4.1) 



Too : K2(^g,A[,-i]) ® Z[-] — ^ ® Z[-], (4.2) 

where /C is a complete discrete valuation field (see ^4.1.1l below for the definition of }C{u)^), 
{A,q,r) is as in the beginning of ^4 .21 and E^^Aiq-'^] is the Tate curve over 74[g~^]. Both 
maps play important roles in the proof of Theorem A. I keep in mind the cases of /C = L 
a finite extension of Qp or /C = k{{qo)) for ()4.1|) and the case that A = i?o((9)) or Rq for 

(ini). 



4.1 Construction of the pairing ( , ) : K^{JC{uY) /C* 

Let 7^ be a complete discrete valuation ring with a uniformizer vr^: and /C the quotient 
field of 71. Let oidjc : /C — Z U {+c>o} be the valuation such that OTdicinK.) = 1- By 
convention, ord;c(0) = +oo. This map is uniquely extended on /C the algebraic closure 
of /C, which we also write by ordj<;. We put Tin = TI/t^k.^ Un = ^ + tt^-R ip- > 1) and 
k = TZ/n/cTl the residue field. 

4.1.1 IC{u) and IC{u)^ 

Letting u be an indeterminate, we define a ring 7l{u) to be the vr/c-adic completion of 

7^(«)4^flim(7^/vrH («))). 

i 

TZ{u) is the subring of the ring 7?.[[m,m~^]] of formal Laurent series which is generated by 

i= — OD 

such that oTdic{ai) +oo as i ^ — oo. Since 7l{{u)) is a PID, 7l{u) is a discrete valuation 
ring with a uniformizer tt/c- We denote by /C(m) the fractional field : IC{u) = /C(8>7^7^(^^) = 
7?.(m) [vTy^^]. The valuation on /C(m) is given by 

ord^(„) I ^ ajM* I = min(ord/c(ai);i G Z). 

\i=— oo / 

Any / G /C(m) has the following expression 

oo 

/ = aou"" JJ(1 - a_iM"')(l - aiu'), 

i=l 
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with 

ordx;(a_j) > i > 
^ordx;(a-j) — ^ +C)0 as i — > +oo. 

Note OTdic{u){f) = ord^(ao). The residue field of )C{u) is the field k{{u)) of formal power 
series with coefficient in k. Note that the field /C(m) contains /C(m), however neither 
}C{u) C IC{{u)) nor /C(u) D /C((u)). 

Lemma 4.1 Lei / G K,{u) . The following are equivalent. 

(1) For any n>\, there are fn G /C(m) anc? 0„ G '7i'j^7l{u) such that / = + 0„). 

(2) For any n > 1, there are f'^ G /C(m) anc? 0^ G tt]^71{u) such that f = fn + <Pn- 

Proof. Assume that (1) holds. Put = OTdic{u){f)- We have = ord/c(M)(/«) for all n > 
1. Let ni > max(n-A^, 1). Put = /„j and 0^ = /^i^m- Since ord^(„)(0„) > Ui + N, we 
have (2). Conversely, assume that (2) holds. Then for all n > A^ we have A^ = ord/c(„)(/^). 
Put /„ = f^^,^ and (j)n = (t)'n+N/ f'n+N- Since ord/c(„)(0n) > (n + A^) - A^ = n, we have (1). 
Q.E.D. 



Definition 4.2 We define 

lC{uf C lC{u) 

as the subset of the elements such that the equivalent conditions in Lemma \4.1\ hold. 
Moreover, we define 

7^(«)^ =^{/G/C(w)^ord;c(«)(/)>0}. 

Lemma 4.3 JC{u)^ is a complete discrete valuation field with TTfc a uniformizer, andTl{u)^ 
is its valuation ring. The residue field is k{u). 

Proof If / G IC{u)^ and g G (/C(u)^)* then fg-^ G IC{u)^ by LemmaE] (1) and / - ^ G 
]C{u)^ by Lemma mH (2). Therefore )C{u)^ is a field. The map OTdic{u) gives the discrete 
valuation on K,{uY . Then lZ{u)^ is its valuation ring by definition. It follows from Lemma 
14.11 (2) that any Cauchy sequence in TZ{u)^ converges to an element in TZ{u)^ . Thus TZ{u)^ 
is complete. The last assertion is clear. Q.E.D. 

Example. Let g G /C* such that ord;c(Q') > 0. The typical example of elements of }C{u)^ 
is the theta function 6{u, g) = (1 — u) Y[n>ii^ ~ q"'u){l — q^u^^). On the other hand, let 
/ = ao + aiU + a2V? + ■ ■ ■ G such that / modijifc) ^ k{u). Then / is contained in 

lZ{u) but not in lZ(u)^ . 
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4.1.2 ( , )„, and ( , ) 

For a G /C let denote the tame symbol at u = a: 

/ forda(g) \ 

r„ : K^{}C{u)) ^ IC* , {/, g} ^ (-i)°rd.(/)ord.(,) j |_. 

Define a pairing 

(/C(n)^)*x(/C(n)^)*^/C7f/„, (/, ^) ^ (/, 4^^ J] r^n, 9n} (4.4) 

ordK;(a)>0 

where / = + 0„) and g = gn{l + i'n) are as in Lemma HH] (1) and a runs over all 
a G /C such that ordA:(a) > (including a = 0). Since the choices of /„ or gn are not 
unique, we need to show that the above pairing does not depend on them: 

Lemma 4.4 The pairing ()4.4j) is well-defined. 

Proof. We want to show that if /i G /C(m)* fl (1 + it^'JZ{u)) and h' G IC{u)* then we have 



More generally, we show 



J2 r^{h,h'}EUn. (4.5) 

ordx;(a)>0 



J2 r,{/^,a}Gf/„:=l + 7r^7^ (4.6) 

ordK:(o)>0 



J2 r^{h,b-u}eUn (4.7) 

ord/c(a)>0 

for a, 6 G /C where 71 denotes the integer ring of /C. 
For any h G /C(m)* there is a decomposition 

/i = cm" JJ (l-aiM-i)'-' Yl (l-/5i«)'' (4-8) 

ordK:(ai)>0 ordK;(/3j)>0 

with n,ri,Sj G Z and c, ttj, /?j G /C*. Since h G lC{u)* and /C is complete, both of 

ord/c(ai)>0 ordK:(/3j)>0 

are in lC{u)* and hence c G /C*. Assume /i G 1 + ■n'^lZ{u). Then reduction mod tt^c shows 
n = 0. Moreover since 

c JJ^ {I - aiU'^Y' = c{l + aiu^"" + a2U~'^ + a^u^^ ^ ) 

ordK:(ai)>0 

= n mod 7^;^7^(M) 

ordK;(/3i)>0 
= 1 + 6lM + h2U^ + &3M^ + ■ ■ • , 

we have c — 1 = = 6j = mod tt^. Therefore it is enough to show ()4.f)j) and ()4.7|1 in 
the following cases: 
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Case (i) h = c where c = 1 mod vr^, 

Case (ii) h = YloT:d,c{ai)>oi^ ~ OiiU'^)''' = 1 + aiu~^ + a2U~'^ H with Voj = mod vrj^, 

Case (iii) h = YlordK.{f3j)>o(^ ~ PjuY^ = 1 + hiu + 62^^ + ■ ■ ■ with V6j = mod vrj^. 
Proof : Case (i). Easy. 

Proof : Case (ii). is clear. We show (pTTj) . If ord;c(&) < 0, then 

^ 'ra{Kh-u} = W(-^-^\ = (l + air^ + aar' + = 1 mod tt^. 

If oidicip) > and 6 7^ 0, then 

5^ rj/i, b-u}= Yl ^"({ n (1 - «^«"')'% b-u} + {{l- bu-'y, b - u}) 

= 1. 

If 6 = 0, then 

Ta{h,-u}= ^ rc^{ J]^ (1 - -u} 

- n (5^)" 

= 1. 

Proof : Case (iii). ()4.6p is clear. ()4.7|) is also clear if ordy(;(6) < 0. Suppose ordy(;(&) > 0. 
Then 

J2 Ta{h,b-u}= Y[ {1- (3jby^ = l + bib + b2b^ + ■■■ = ! modvr^. 

ordjc(a)>0 ordx;(/3j)>0 

This completes the proof. Q.E.D. 
Lemma 4.5 (1) ( , )„ zs biadditive. 

(2) Lei/,(7G (/C(m)^)* an(i/G l + 7^^7^(n). Then {f, g)^^ = 1. 

(3) For m > n the pairings { , )m o^^-c? ( , )« ore compatible: 

{IC{uyy X (/C(n)^)* /cvt/^ 

(/c(m)^)* X {JC{u)^y /c7f/„ 
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(4) (/, !-/)„ = ! for any f G (/C(«)^)* such that f ^ 1. 

Proof. (1), (2) and (3) are obvious. To show (4), let / = /m(l + 4>m) > n) be 
the decomposition as in Lemma HH] (1). Put N = OTdic{u){f) = OTdic{u){fm) and M = 
OTdic{u) (1 — /)• Then foTm>M — N the order ofl — /m = l — / + fm(pm is equal to M. 
Therefore we have 

1 - / = 1 - /m - fm(pm = (1 " /m) ( 1 " Z"'^? ) = (1 " /m)(l " V'm) 



with ord/c(u)('?/'m) > m + N — M. Take m > max(n, n + M — N). Thus we have 

(/, 1 - /)n = 5Z rj/^, !-/„} = 1. 

ordx;(a)>0 

This completes the proof. Q.E.D. 

Due to Lemma f4. 51 the pairing ( , )„ induces a map on Milnor's K2: 

K^\lC{u)') ICyUn, {/, g} ^ (/, g)n. (4.9) 
Due to Lemma [4.51 (3) it forms the projective system. We define 

( , ) = lim( , )„ : irf (/C(n)^) lim/C7f/„ = /C*. (4.10) 

n n 

Lemma 4.6 (Explicit description of the pairing) Let f,g E IC{u)^ be expressed as 
00 00 

i=l i=l 

where ai and bi are as in fl4.3|) . Then we have 



if n) = (-1)"-^ TT ^ ' ^ (4 111 

&o ,i\(l-a!.f^-)6f'^))(M) ^^-''^ 



where denotes the greatest common divisor of i and j . 

Proof. Note that ( , )„ annihilates the subgroup {1 + 7r^Tl{u) fl /C(m)^ — } by Lemma 1^31 
(2). Now ()4.1ip is straightforward from the definition. Q.E.D. 

Let 7^(M)^ = n{uf /Tiin{uY ^ n{u)/TTin{u) = 7^„((M)) be the subring. Then due to 
Lemma f4. 51 (2) (and Lemma f4.6|) . our ( , ) also induces the following map 

(, ) : irf (7^(n)^) — K- (4.12) 



Remark 4.7 We will see that the pairing ()4.12j) can be extended on -ft'^^(7^„((u))) and 
the same formula as ()4.1H) holds ( ^4-^-^ - However I do not know how to show it directly 



from fimj) . 
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4.1.3 Definition of Too : i^2(^g,/c) ^ /C* 

Let Eg = Eg^K^ be the Tate curve over /C. The uniformization ()3.5|) induces a natural 
inclusion }C{Eg) ^ IC{u)^ as 6'(m) G /C(m)^ We define Too : K2{Eg^Ki) IC* as the 
composition of the maps 

K2{Eg,K) K^\lC{Eg)) K^\lC{u)') ^ IC*. 
This gives the definition of ()4.2|) when A is a complete discrete valuation ring. 

Remark 4.8 (Beilinson's regulator) Suppose K, = C((g)) and Eg = C*/q^ with \q\ <^ 
1. Then one can easily see that our r^o is equal to Beilinson's regulator: 

r^(0 = exp (j2 ^ - log^7(o)|-) , ^ = J2^f,9} e K2{Eg) 

where a is an initial point and 6 G nilEg, a) is the vanishing cycle. 

4.2 Construction of Too for arbitrary A 

Let A be a regular local ring which is complete with respect to the maximal ideal m. Let 
g G m and q 7^ 0. We assume that O := A/^/qA is also regular. Since A is a UFD, the 
prime ideal ■\/qA is generated by a prime element vr. Let r > 1 be the integer such that 
TT^A = qA. Let A be the completion of with respect to vr. Then A is a complete 
discrete valuation ring with the uniformizer vr. We have already constructed the map 

: i^2(i?,,i[,-i]) — A[q-'r (4.13) 

in ^4.1.31 There is the natural map K2{Eg^A[q-^) -^sl-E, i[g-i])- In this section we show 
T^{K2{Eg^A[q-^) ® ^[l/'"]) C (g) zjl/r], which allows us to define 

Too : K2{Eg,A[q-^) ® Z[^] ^ A[q-']* Z[i]. (4.14) 

(Unfortunately I could not remove "(g)Z[l/r]" . However it does not matter for our purpose 
because we only handle K2{—) ® Zp and the prime number p is supposed to be prime to 
r.) 

4.2.1 Regular model Sg^A 

Let X be the proper scheme over A defined by the equation 1)3.11) . Then X SpecA[g~^] 
is isomorphic to Eg^A[q-^, and X is regular except at the locus x = y = n = 0. Taking 
(r — l)-times blowing ups along the locus, we get a regular scheme Sg^A over A. It is 
proper over A. Moreover Sg^A Xa SpecA[g^^] is isomorphic to Eg^A[q-^] and the special 
fiber Do '■= £q,A Xa SpecC is the standard Neron r-gon over O. Note that £q^A is the 
generalized elliptic curve in the sense of ^ II 1.12 (see also VII. 1 for rigid geometric 
construction of £q,A)- 

Quillen's localization exact sequence (cf. [21] Prop. (5. 15)) yields an exact sequence 
K2{£qA) K2{Eg^A[q-^) ^ K[{Do) ^ K,{Sg,A) (4.15) 
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where i : Do ^ Sg^A- We first calculate K[{Do)- Let Dq^ be the regular locus of Do- It 
is the disjoint union of r-copies of Gm,o- Then we have an exact sequence 



K2(G 



m,0) 



m,0) 



(4.16) 



Note Ki{Gm,o) = Z © O* and ^2(^^,0) = i^2(C) © O* (loc.cit. Cor.(5.5)). Then 
6{K2{0)®^) = and the induced map 

is given by the matrix 



/I 



-1\ 



-1 1 



V 



-1 1 



(4.17) 



Therefore the cokernel of S is isomorphic to O*. Similarly, S^O®"^) = and the induced 
map Ki{Grn,o)/Ki{0)®'^ = Z®'' ^ Z®'' is also given by pTTjl . Thus we have keid' ^ 
Z©0*®^: 

— ,0* — >K[{Do) — ^Z©0*®^ — >0. (4.18) 

Since the first map in ()4.18|) has the splitting by the map K[{Do) Ki{0) induced from 
the structure morphism, we have 



This also implies 



K[{Do) ^ Z©0*®"©0*. 



i^i (/}(?)) K[{Do) ^ Z ^ 
k=i 



(4.19) 



(4.20) 



where D^'' are the irreducible components of Do- 

Next we study the kernel of i^- Let us consider the composition of the following 4 
maps 



0i^i(Dg)) — K[{Do) ^ K,{£,,a) ^ K,{Do) -^Qk,{D^^^). (4.21 



fc=i 



k=l 



Note = and i^'i(Po) = O*®^. The composition pTTT]) is given by the matrix 



/-2 1 
1 -2 
1 



-2 1 
1 -2/ 



(4.22) 
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Therefore we have 

r 

kernel of ^THlf = {{r]i, ■ ■ ■ , r?r) G Ki{Df ) | rr^i = • • • = rr]r}. 

k=l 

This shows 

ker C Z © A/f © C»*, M := {(ci, ■ ■ ■ , c,) G 0*®'^ | = ■ ■ ■ = <}. (4.23) 

under the identification ()4.19j) . 

We see that the inclusion in ()4.23|1 is equal if we invert r. Let us see the last component 
O* . Let p : SpecA[g~^] Eq^A[q-^ be a rational point. Then p*K2(^[5'~^]) C K2{Eq^A[q-^) 
is onto the component O* . Next, we see the second component. Let fE '■ 
Specy4[g~^] be the structure morphism. Then f^K2{A[q~^]) C -ft'2(-E'g,A[g-i]) is onto the 
diagonal component of (9*®^, which is equal to M if we invert r. 

Finally we see the first component Z. Note that the composition K2{Eq^A[q-i]) —>■ 
K[[Da) ^ Z is the boundary map d in §2.41 We show that the image of d contains rZ. 
Since A is complete with respect to q, there is the homomorphism Z[[g]] — > A and it gives 
rise to a commutative diagram 

^2(^<?,Z((<?))) — ^ Z 

mult, by r 

K2{Eq^A[q-^) ^ Z. 

Therefore it is enough to show that the top arrow is surjective. Let 0<a<6<cbe 
integers. Put go = Q^^'^ and consider the embedding Z((g)) Z((go))- Let 



e{uY-''e{quY \ e{u 

and 



the rational functions on Eq^xi(qo)}- More precisely, let Qi be the Z((go))-rational point of 
Eq^z{{qo)) corresponding to m = q^^ Then / (resp. g) has a zero at Qa (resp. Qb) and a 
pole at Qo (resp. Qq). Put 



where = Qa + <5fe + Qo- The Milnor i^'2-symbol (.(^bc) defines a Quillen _ft'2-symbol 
^^6c) ^ -^2(-Eg,z((go)) ^ '5*)- Recall the localization exact sequence 

K2iEq,Ziiq,))) ^ K2iEq,Ziiq,)) " Q*) ^ i^l(Q*) = i^l (Z( (^o) ) ) ®=^ 



where r is the tame symbol. It is easy to see T('C(^bc)) ~ ^- Therefore there is a lifting 

^(aAc) ^ ^2(^g,Z((9o)))- We put 

UaAO ■= Nie^aM)) e ^2(i?,,z((,))) (4.25) 
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where N : K2{Eq^z{{qo))) K2{Eq^z{{q))) denotes the norm map for Z{{qo))/Z{{q)). A 
direct calculation yields that <9(^|^^^)) = a{b — a)(b — c) (cf. [T] Rem. 5. 5). Since the 
diagram 



N 



is commutative, we have d{^(^a,b,c)) ~ — a){h — c). Choose (a, 6, c) = (1, 2, 3). Thus we 
have the surjectivity of d : K2{Eg^z{{q))) ^• 

Proposition 4.9 Under the isomorphism K[{Do) = Z © O*®"" © O* 

ker C Z © M © O* 

where M := {(ci, ■ ■ ■ , c^) G O*®"^ I = ■ ■ ■ = c^}. T/ie inclusion is equal if we tensor 
Z[l/r]. 

More precisely, we can see from the above that (Z © M © (9*)/ker is a subquotient of 
(Z/rZ)®'^+i. 

Corollary 4.10 Let p : Spec74[g~-'^] — > Eg^j^^g-i] be a rational point and Je '■ ~^ 
Specyl[g~-'^] the structure morphism. Let ^(^a,b,c) be as in fl4.25p and also think of it being a 
K2-symbol of Eg ^^g-i] by the natural homomorphism Z[[g]] A. Then 

K2{£g,A) ® Z ■ ^(1,2,3) ®p.K2{A[q-^]) © flK2{A[q-^]) K2{Eg^A[q-^) (4.26) 
is surjective tensoring with Z[l/r]. 

4.2.2 Boundary map in algebraic iT-theory 

Let be a noetherian ring. We recall the boundary map 

d : K,+,{S{{u))) ^ K,{S) (4.27) 

from K. Kato ^ §2. Let 



Vs 
Ms 

Mi 



the category of projective S'-modules of finite rank 
the category of finite S'-modules 

the category of finite S'-modules which have finite projective resolutions. 



Moreover let Ti-snu]] be the category of finite S [[«]]- modules M such that M(S)s[[u\]S{{u)) = 
and there is a resolution 

— ^ Eo — ^ El — ^ M — ^0 (4.28) 

with Ei e Vsiiu]]- 

By Quillen's resolution theorem (|211 Theorem (4.6)) K,{S) = KiiVs) ^ Ki^M^). 
By Quillen's localization theorem ([H], Theorem (9.1)) we have the exact sequence 

. K,^i{S[[u]]) K,+i{S{{u))) ^ K,(7^5[M]) K,iS[[u]]) ^ ■ ■ ■ . (4.29) 
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Let M G 'Hs[[u]]- Then we can think of M being a finite S'-module. Since is a fiat 

S-module, ()4.28p gives a fiat resolution of S'-module. Therefore M has a finite projective 
resolution of S-modules. Thus we can think of M being an object of A^^. Let 

i ■■ Usiiu]] Mi (4.30) 

be the functor which sends M to M (as S'-module). It gives rise to a map 6* : Ki{T-Csi[u]]) 
Ki{S). Then we define d = L^:d' . 

Let us consider the Tate curve Eg^A[q-^- Let Sg^A be as in §4.2.11 Put An = A/q'"-A for 
n > 1. Then there are the morphisms of schemes 

^m,A„ "-^ £g,A SpecA^ > £q^A < -Eq,A[(j-l]- 

This give rise to 

K2{Sg^A) ^ K2{An[u,u-^]) K2{An{{u))) ^ K^n) = A^. 
Passing to the projective limit we have 

tI:K2{E,^a)-^\^AI = A\ (4.31) 

Proposition 4.11 Suppose A = TZ a complete discrete valuation ring. Then the following 
diagram 

In (4-32) 

is commutative. Here the bottom map r^o is as in 
Corollary 4.12 t^{K2{S,,a)) C A*. 

Proof. AddIv Proposition liTD for TZ = A. Q.E.D. 

We prove Proposition 14. Ill Note that the map K2(7ln[u,u^^]) K2(JZn{{u))) factors 
through K2(n{u)l) where n{u)l = n{u)^ / 7i]^n{u)\ By a theorem of van der Kallen 
K2{TZ{u)n) is isomorphic to Milnor's -ft'|'^(7?.(u)^) as the residue field is infinite ([H], [12] )• 
Therefore, to show Proposition 14. 1 ll it is enough to show that the following diagram 



■n 



(4.33) 



K2(7^n((M))) 7^„ 

is commutative. 

Lemma 4.13 Let f E 7^n[M]*. Then d{f,u} = /(O) where d zs as m (jOH)- 
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Proof. There are commutative diagrams 

K^iUniiu))) 



K^{n{{u))) 



K,{lC{{u))) 



n* 



Since / comes from 7^[[u]]* it is enough to show d{g,u} = g{0) for any g G /C[[m]]*. This 
is well-known (e.g. [24 Lemma (9.12)). Q.E.D. 



Lemma 4.14 Let f G 7?.„[[n]]*. Let a G be a nilpotent element (i.e. a G TifzRn)- 
Then d{f, u — a} = f{a) . 

Proof. Since a is nilpotent we have an isomorphism 

h-.TZnllu]] — ^7^„[H], Ml — >v + a (4.34) 
of 7?.„-algebras. The functor $ft : M i— ^ M®7^^[[u]] 7?.„[[f]] induces a commutative diagram 



ML 



T<nniiv]] 

where l is as in ()4.3()j) . Thus we get a commutative diagram 



(4.35) 



TZ* 



X2(7^„((M)))^ir2(H7^„N]) 

and hence we have dh* = d. Now we show d{f,u — a} = f{a). Due to the commutative 
diagram ()4.35p we have d{f,u — a} = d{f{v + a),v}. By Lemma 14.131 we have d{f{v + 
a),f} = /(a). This completes the proof. Q.E.D. 



Lemma 4.15 Let a G Tin he a nilpotent element. Then we have d{a — m, m} = 1. 
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Proof. Let k = TZ/nfc he the residue field. It follows from a commutative diagram 



i^2(7^„(H)) 



mod q 



k* 



that we have d{a — u,u} = d{—u,u} = 1 mod q. This means d{a — u,u} = 1 + n/cf 
for some / G TZn- Therefore it is enough to show that there is iV > 1 which is prime to 
char(fc) such that d{a — = 1. 

Let > 1 be an integer which is prime to char(A;) and such that = 0. Let be 
a primitive A^-th root of unity. We may suppose that TZ contains by replacing TZ with 
71[(n]- In the same way as the diagram ()4.35|1 . we can see that the isomorphism 

V-.TZnllu]] ^TZniiu]], U\ ^ C,NU 



induces a commutative diagram 



K2{nn{{u))) 




K2{nn{{u))). 



Thus we have 



N-l 



d{a - u, m}^' = JJ 5{a - Cn^, Cn^} 



N 



i=0 
N-l 



i=0 



1. 



This completes the proof. Q.E.D. 



(4.36) 



Now we show that the diagram ()4.33p is commutative. Due to Lemma [4. 6t it is enough 
to show 



d{f,g} = {-iy 



'0 J^A^-o'lt'^^/^'''^''^ 



for 



(4.37) 



u 



i=l 



i=l 
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with 

' ai,bien*^ i^O 

a-i,b-i e TTicTln i > 

a_i = b^i = i ^ 0. 

We can reduce it to check ()4.H7|1 in the following cases 

(iu,h) 

{u, 1 — au^*) 
(1 — au~\ h) 



if, 9) 



< 



au 



bu-^] 



a G t^kJ^u, ^ > 
a e 7^/c7^„, z > 0, he 7^„[[n]]* 
a,b e TCic'R-n, i,j > 0. 



(4.38) 



The first case immediately follows from Lemma 14.131 To show the rest, we may replace 
TZn with TZla^^"^]/ (tt^). Thus we can assume that a^^\ b^/^ E IZn and hence may assume 
i = j = 1. Then the assertion follows from Lemmas 14. 131 H?T^ and E. 151 This completes 
the proof of the commutativity of ()4.33|) and hence Proposition 14. 1 ll 



4.2.3 Proof of r^{K2{Eg^A[g~i^) ® C A[q- 



'11* 



Z[l/r] 



Due to Corollary 14.101 it is enough to show the assertion for each component in ()4.2fij) . 
Corollary 14. 12l asserts T^{K2{Sq^A)) C A*. Moreoyer it is easy to see Too{p*K2{A[q^^])) = 
and Too{fEK2{A[q~^])) = 0. Therefore the rest of the proof is to show roo(^(i,2,3)) ^ 
A[g^^]*. Howeyer it follows from Lemma (4.61 that we haye 



NA'/Aroo{CLb,c)) = ^A'/A 



a{b—a){b—c) 



Mb-aMa 



(4.39) 



where 



n 



nc—c+i \ nc—c+i 

qo J 



'l<i<c) 



and Na'/a is the norm map (cf. |lj Cor. 5. 3). Thus it is clearly contained in A[q ^]*. This 
completes the proof. 

4.2.4 Functoriality of Too 

Let {Ai, qi, VTj) {i = 1, 2) be as in the beginning of ^4.21 Let (p : Ai ^ A2 he a homomor- 
phism of local rings such that 0(^1) = q2- Let qiAi = 7r['y4j (then ri|r2). 



Proposition 4.16 The following diagram 

^2(i?,„A.[,-])®^[l/ri] 



A,[q^']*(g) Z[l/n] 



A2[q2']*0ni/r2] 



is commutative. 



Proof. Due to Corollary 14. 101 it is enough to show the assertion for ^(a,b,c) and -ft'2(^^qi,Ai)- 
As for ^{a,b,c), it directly follows from ()4.39j) . As for K2{Sqj^^Ai), it follows from the functo- 
riality of 'rl. Q.E.D. 
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Remark 4.17 Since { , ) is clearly functorial, Proposition \4.1b\ is trivial when Ai are 
complete discrete valuation rings. However the ring homomorphism does not necessarily 
induce Ai —>■ A2 in general. Hence we can not reduce the proof to the functoriality of { , ) . 

4.3 Compatibility with dlog map 

Let (9 be a regular local ring and A = 0[[t]] the ring of formal power series with coefficients 
in O. Let r > 1 and a & A* and put q = at^ . We have constructed the map 

T^:K2{E,)^0{{t)y®Z[llr] 

for the Tate curve Eq = Eq^o{^(t)) over 0{{t)). 

Proposition 4.18 Suppose that r is invertible in the quotient field of O. Then the dlog 
map factors through t^o as follows 

0{{t)y ®Z[l/r] 



K^iEq) ® Z[l/r] — 0((t))f ^ ® Z[l/r] 

where the map t is given as follows 

/ / N N * , ^^dt du , dhdu 

tr^0 t - — , h^— — . 

t u n u 

Proof. We may replace O with its quotient field F. Then /C = F{{t)) is a complete 
discrete valuation field with the valuation ring TZ = F[[t]]. It is enough to show that the 
following diagram 

F{{t))* (4.40) 

( . ). 



dlog 



is commutative where the right vertical arrow is given by 

h I 

Put 



dh du 
h u 



6^ 
Note 

Let 



limfi^/p/rfi^/p Ot^/C, 



dx du , 

2y + x ~ ~u ic{u)^/!C- 
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be the residue map at u = 0, namely if we express uj = ^nez^'n-U"'du in the unique way 
then Res(ct;) = a_i. It is extended to a map 



02 



)^ 6?,()^ id0Res Ai 



^JC/F ® IC 

Then the commutativity of ()4.4()p is equivalent to that the following diagram 



(4.41) 



dlog 



02 



dlog 



ion 



is commutative. However this follows from Lemma f4.fil and the fact that 



u 



[u 



a] 



OO I 

n=o' 

OO 



au 



-l\n 



ord/c(tt) > 
-«~'E"=o(«'M" ordyc(a)<0 
in /C. This completes the proof of Proposition 14 . 1 8l Q.E.D. 



(4.42) 



4.4 Compatibility with etale regulator 

Let y4 be a complete regular local ring and q E A a, nonzero and not invertible element. 
Let be a nonzero integer. Let '■ -E^^Aig-i.n-i] A[q^^,n~^] be the Tate curve. Then 
there is the weight exact sequence 

Z/ni^j) ^ WfE^-L/nU) Z/n{j - 1) — > (4.43) 

of etale sheaves on Specy4[g^\ n^^] (cf. [6^ VII 1.13). Recall the etale regulator map (also 
called the Chern class map) 

4*2 : K2iE^,A[,-\n-^) HliEg^Al,~\n-^],^/ni2)) (AAA) 

to the etale cohomology group (jH], |221)- The regulator ()4.44|) together with the Leray 
spectral sequence gives rise to a map 

p : K2{E^,A[,-\n-^) H},{A[q-\n-\R'fE.Z/ni2)). (4.45) 

(cf. Lem.2.1). We have from and (lOKll 

: K2(i5;,,^[,-i,„-i]) Hl,iA[q-\n-%Z/nil)) = A[q-\n-'Y/n, (4.46) 

where "=" follows from the fact that 74[g"^,n~^] is a UFD. 

Proposition 4.19 Let {A,q,TT,r) be as in the beginning of §^.^ Suppose that n is prime 
to r. Then the following diagram 

K2(^5,A[,-i])®Z[l/r] A[q-']*^Z[l/r] 

K2{E^,A[q-\n-^)/n A[q-\n-^]*/n 
is commutative in the following cases, 
(i). A is a complete discrete valuation ring. 

(a). A = Ro[[t]] where Ro is an integer ring of a finite extension Kq of Qp and q = af 
with a E A* . 
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4.4.1 Proof of (i) 

Let A = 71 he a. complete discrete valuation ring. In this case we do not need "(8>Z[l/r]": 

(4.47) 

K2iE,,^)/n ^ }C*/n 

where n is supposed to be invertible in /C. 

To prove the commutativity of the diagram ()4.47|1 we first extend to a pairing 
( , Let 

irf(/C(^))^if^(/C(n),Z/n(2)) (4.48) 
be the Galois symbol map. Let {^K^^ {ICiu))^ be defined as 

(K^mu)))' — K^mu)) ^ Hlmu) ®^X,Z/n{2)). 
Then the Leray spectral sequence yields 

p : {K^\lC{u)))' H\}C,HlilC{u) ®!c!C,Z/ni2))). 
We define the natural map 

H},{}C{u) (E)!c IC, Z/nU)) = (/C(m) ®^ IC)* /n ^ Z/n(i - 1) 



(4.49) 



(4.50) 



as 



/ 



df 
Res- 



where Res denotes the residue map at m = 0, namely if we express uj = ^„gg QnU^du in 
the unique way then Res(co') = a_i. The maps fl4.49p and ()4.50p give rise to a pairing 



(, r:{K^^{lC{u)))'^lC*/n. 



(4.51) 



(In jiLi, the pairing ( , is written as f^.) By definition of K,{uY there is a natu- 
ral map K^\lC{uf) (iCf (/C(m)))'. We also write the composition K^\lC{uf) 
{K^{)C{u))y^lC*/nhj{,Y\ 

It is clear from the construction that ( , is compatible with r^. On the other hand 
( , ) is compatible with Too. Therefore it is enough to show the following: 



Lemma 4.20 The following diagram 



{ , ) 



IC* 



IC*/n 



is commutative. 



31 



Proof. The pairing ( , ) is characterized by the following commutative diagram 

K^{K,{uf) fC*. 

The same commutative diagram holds for ( , )*^* (PP Thm.4.4). Thus the assertion follows. 
Q.E.D. 

This completes the proof of Proposition 14.191 (i). 
4.4.2 Proof of (ii) 

We can reduce the proof of (ii) to the commutativity of ()4.47|) . In fact, we may assume 
that n = i'^ with i a prime number (possibly £ = p). Let ttq be a uniformizer of Rq and 
Sm '■ Ro[[t]] Rq the homomorphism given by t t-^ tt™. Then the map 

l[s^ : \imA[q-'Y/r ^l[\imK*Jt 

m ^ m ^ 

is injective where m runs over all positive integers which are prime to £. Due to the 
functoriality of which follows from Proposition 14 . 1 6l and the functoriality of which 
follows from the functoriality of etale regulator, we can reduce the proof to the case 
A = R^. 

This completes the proof of Proposition 14.191 (ii). 



5 Proof of Theorem A 



We are now in a position to prove Theorem A. 

Let ii'o, -Ro = ©iLi^pCi? d = [Kq : Qp] and i?o(('?o)) with q = Qq he as in §H.2[ Let 



Eq = Eq^jiQ(^(^q^^)-) bc the Tate curve and 



dlog : K,{Eq) ® ^ R^{(q^))^^ 

go u 



(5.1) 



the dlog map. Since p is prime to r, it follows from Proposition l4.18l that it factors through 

Too ■ 

Ro{{qo)y^Zp (5.2) 



K2{Eg) ® Z. 



■^o((go))ff 



P dloe 



where 



i: Roiiqo))* (S)Zp-^ Roiiqo)) — — , h®a 

go u 



dh du 

• 

n u 
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Let ^ G K2(Eq) be an arbitrary element. Express h{qo) := Too(0 iii the following way. 

oo d 

h{qo)=c{~qorUU(^-^^^o/' (5-3) 
(ilog/i(go) dqodu 



k=l i=l 



with c G -Rq; Tn and 6^ G Zp. Then 



dlog(0 = 9o- 



dqo go M 

oo d 



due to the commutativity of ()5.2|) . Therefore Theorem A is equivalent to say fe^*"* G /cZp 
for all and i. We will show it in the following steps: 

(aO) c'' = 1. 

(al) Let -Ro(go) be the p-adic completion of i?o((go))- Then 

{Mgo),go} = o in irf (i?o(go))/p^ i^>i. 

(a2) Apply Kato's explicit reciprocity law for {Rq{(Iq)) /p^ . 



5.1 Proof of (aO) 

Embed i?o((go)) ^ -K^o((go))- Then /C = -K'o((go)) is a complete discrete valuation field 
with the valuation ring TZ = Kg [[go]]- We constructed the map Too : K2{EqiQ) /C* 
in §4.1.3| which is compatible with the etale regulator (see ()4.47j) ). We thus have a 
commutative diagram 

K2{Eq^^)^^ (5.4) 

' oo 

p \^ 
Hi{lC, R'fE.Z/n{2)) IC*/n i^f (/C)/n 

for n > 1 where the bottom is the exact sequence arising from the weight exact sequence 
and the isomorphisms Hl{IC,Z/n{l)) ^ IC* /n and Hl{}C,Z/n{2)) ^ (/C)/n 
(jl5j). Since the extension datum of ()4.43j) is q, Sg is the map given by x t-^ {x,q}- 
Therefore we have 

{h{qo), q} = r{h{qo), go} = in K^{)C)/n. 

Applying the tame symbol K2^{lC)/n —>■ K^/n we have c** = 1 in Kq/ti. Since n > 1 is 
arbitrary, we have c*^ = 1 in Kq. This completes the proof. 
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5.2 Proof of (al) 

Let KQ{qQ) = Ro{Qo)[p~^] be the quotient field. In the same way as ()5.4|) we have a 
commutative diagram 

K2{Eg) ® ^- Roiiqo))* ® (5.5) 

— ct 

Hl{Ko{qo), R'fE.'L/p^{2)) ^ Mq,)* /p^ {K,{q,)) /p'^ 

and hence 

{h{qo), q] = r{h{q,), q,] = in {Ko{q,)) / p". (5.6) 

Claim 5.1 The map Ki\Ro{qo))/p'' ^ K^' {Ko{qo))/p'' is mjective. 

Proof. By a theorem of van der Kallen {Ro{qo)) = K2{Ro{qo)) as the residue field is 
infinite (jH], f2])- Recall the localization exact sequence 

MW.iiqo))) MRoiqo)) MKo{qo)) — i^i(F,((go))) = F,((go))*. (5.7) 

The right arrow is surjective as i?o(?o)* ^q{{qo))* is surjective. Separate ()5.7j) as follows: 

K2{¥g{{qo))) K2{R^{qo)) M ^ 0, 

M — . K^iMqo)) ^ F,((go))* ^ 0. 

Since the multiphcation by p'^ on Fg((go))* is injective, we have M/p" ^ K2{Ko{qQ)) / p'^ . 
On the other hand, since K2{¥g{{qo)))/p'' = {¥ q{{qo))) / p"" = ([HI Lemma 5.6), 
we have K2{Ro{qo)) /p" M/p^ Thus we get Ki' (Roiqo)) /p" = K2{Ro{qo)) / p"" 
^2(^o(go))/p" = K^{Ko{qo))/p'' as required. Q.E.D. 

Now (al) follows from ()5.6|) together with Claim I3!T] 

5.3 Proof of (a2) : Kato's explicit reciprocity law 

Since we work on Ro{{qo)) ® Zp, we may neglect c due to (aO). 

Let ip : Ro{qo) Ro{qo) be the Frobenius such that ^{aCqo) = aC^qo' for a E Zp and 
i, j G Z. Let l,p{f) := p~^\og{ip{f)/ f^). Then Kato's exphcit reciprocity law describes 
the syntomic regulator 

: K^\Ro{qo))/p'' n],^^^^)/dRo{qo) ® u > 1 

for p > 3 explicitly (jT3] Cor. 2.9) as follows: 

e^{{a,b}) = wl'P (f) -^.(^)^- 

Due to (al), we have 

OU{h,qo}) = Uh)— = 0, (5.8) 

qo 
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and hence 

l^h) = go^, 3^ = 5" CkQ^ e i?o(go) (5.9) 
ago ^ 



in Ro{qo)/p'' = Ro{{qo))/p'' for all z/ > 1. We have from (jED and dSS)) that 

oo d 

w-EE E 

k=l i=l ml 



m 

k=l 1=1 m>l,{m,p)=l 



in RQ{qo)/p'' = Ro{{qo))/p'^ for all > 1- One can easily show 6^*'* G A;Zp for all k and z 
by the induction on k. This completes the proof. 



6 Theorem B and ^{Xr, Dr)^^ 

We use the notations in §2. HI 

Theorem B.Let F be a field of characteristic zero and and 7Cp : Xp — > Cp an elliptic 
surface over F satisfying (Rat) . Let p be a prime number. Put Xjr = Xp Xp F etc. 

(1) Assume that for any finite p-torsion Gp-module M , Hl^{F, M) is finite for all i > 
where Gp denotes the absolute Galois group of F (e.g. F is a local field). Then we 
have 

dr{u% IC2) ® Zp = dr{u^, IC2) ® Zp c zf 

if p is prime to 6ri ■ ■ ■ and H^^{X-p, Zp) is torsion free. 

(2) The quotient 

z®7(9r(f/|.,/C2)®Zp) 

is torsion free if p is prime to 6ri ■ • - r^, H^^{Xp^, Zp) is torsion free and 

HUX^,Z/pi2)f- = 0. 



Note that there is the natural isomorphism H^^{X-p, Zp) = H^{Xc, Z) (g) Zp for a fixed 
embedding F C due to a theorem of M. Artin and the universal coefficient theorem. 
Therefore Zp) is torsion free for almost all p. 

The proof of Theorem B will be given in ^ where Suslin's exact sequence (Theorem 
12. 2|) plays an essential role (for example Claim 17^ below is one of the key step). 



6.1 ^{Xji, Dji)Yp : an upper bound of the rank of the dlog image 

Admitting Theorems A and B, we give an upper bound of the rank of the dlog image of K2 
of elliptic surface minus singular fibers over an algebraically closed field of characteristic 
zero. 

Let R be the ring of integer in an unramified extension K of Qp, and tt/j : —* Gr 
an elliptic surface over R satisfying (Rat). 
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Definition 6.1 Let f : Z®* F®* be the reduction modulo p. Then we put 

:= /(9dR($(X^,Z^/j)zJ) C Ff . 

Theorem 6.2 Put Xk '■= Xn ^rK , := X^ K etc. Assume the following condi- 
tions (1) and (2). 

(1) p /6ri ■ ■ - Ts and H^^{Xj^, Zp) is torsion free. 

(2) There is a finitely generated subfield F G K such that -kj^ : X^ is defined over 
F, which we write ttf '■ Xp — >■ Cp, and it satisfies (Rat) and Hl^{X-p,'L/p{2))^^ = 
0. 

Then we have 

dlogr(f4, /C2) ® C $(X^, Dnhp, (6.1) 

rankzdlogr(^7^, JC^) < dim^^^Xn, Dn)^^. (6.2) 

Proof. ()6.1|) follows from Theorem lH.6l()H.23j) and Theorem B (1). We show ()6.2j) . Applying 
ddR on ()6.1|1 we have 

dr{U^, IC2) ® Zp c ddnmXR, Dn)^^). (6.3) 
Applying / to ()6.3j) . we have 

dim^ J{dr{U^, /C2) ® Zp) < dimF^$(XK, Dfi)F,. (6.4) 
Due to Theorem B (2), dr{Uj^, /C2) ® Zp is a direct summand of Z®''. Therefore 

rankz,ar(t/° , /C2) ® Zp = dimF^/a(r(t/° , /C2) ® Zp). (6.5) 
Then (jHISl) follows from (Q and (jESI). Q.E.D. 

dimFp$(X/j, i5/j)Fp is the desired bound. It is computable in many cases. See ^ 

Conjecture 6.3 Under the assumptions in Theorem \6.'A 

rank2dlogr([/;^,/C2) = dimF,$(X^, Dr)f,. 

We show that Coniecture l3.7l implies the above. In fact, Coniecture l3.7l implies dr{U^, /C2)® 
Qp = d^nHXn, Dr)^^ ® Qp and hence dd^HXR, DR)^Jdr{U^, /C2) ® Zp is finite. How- 
ever due to Theorem B (2), it must be torsion free, which means dr{U^,K,2) ® Zp = 
Oak^^Xr, Dr)ij,- Due to Theorem B (2) we have Conjecture 16.31 
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7 Proof of Theorem B 



7.1 Some Computations of cohomology groups 

Let TT : V ^ C he a minimal elliptic surface over C with a section e : C ^ V. We omit 
to write the subscription "C" for the simplicity of the notations. Let T = {Pi} C C 
be the set of points such that '7r~^(P) is a singular fiber if and only of P G T. Put 
y. := 7r-i(Pi), Y = ^Yi, S° = C -T &ndU^ = V -Y. We assume that there is at least 
one multiplicative fiber. H'iV) (resp. H,(y)) denotes the Betti (singular) cohomology 
group (resp. homology group). 

Let n > 1 be an integer. There is the long exact sequence 

■■■^HUV, Z/n{j)) ^ H'iV, Z/n(j)) -> H\U\ Z/n{j)) ^ • • • . (7.1) 

Let Yi = Ufcy/*^'' be the irreducible decomposition. There is the isomorphism HyiV, Z/n(l)) = 
0. ^Z/n ■ yl^-* in which a base y^''^ corresponds to the component Y^^''\ Denote by 
[— ] the cycle class in the cohomology group of V. Then the map ify(y, Z/'n,(l)) —>■ 
H\V,Z/n{l)) is given by yf^ ^ [f/''^]. Let H\V,Z/n{l)) @.,^H\Y}''\z/n{l)) and 
H''{V,Z/n{l)) H'^ {e{C) , Z / n{l)) be the pull-back maps. Then the composition 

Z/n ■ = HUV, Z/n{l)) H\V, Z/n(l)) 

i,k 

H\y}'\ Z/n{l)) © H\e{C), Z/n{l)) 

i,k 

= Z/n ■ ) © Z/n • e (7.2) 

i,k 

is given as follows 

j:iY}'\ yP) ■ + iY}'\ e{C)) . e (7.3) 

i',k' 

where (— , — ) denotes the intersection numbers. 

Lemma 7.1 Let Yi = 7r^^(Pi) = Ylk>i''^i'^ ' y}''^ be the scheme theoretic fiber. We put 

k 

Suppose that n is prime to 6ri ■ ■ ■ . Then the composition ()7.2|) induces an isomorphism 
0Z/n-|/fV(M-K];^<j)^ Z/n-yf ©Z/n-e 

i,k>l i>l,k>2 

where {[Yi\ — [Yj]; i < j) is the subgroup generated by [Yi\ — [Yj] for all i < j. 
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Proof. Since the cardinality of the both sides is the same, it is enough to show the 
surjectivity. To do this, it is enough to see that the map 



02/ 

k>l 



(fe) 



Z/n ■ yf^ © Z/n ■ e 



(7.4) 



fc>2 



is surjective (and hence bijective) for each i. We can check it as the case may be. For 
example, if Yi is of type J^^, then the matrix of ()7.4|1 is given by 



/-2 1 
1 -2 1 
1 -2 



v 



1 





1 
-2 
1 1 



The determinant of it is equal to (—1)'"' ^r^. It is prime to n. Therefore ()7.4p is bijective. 
The proofs for the other types are similar. Q.E.D. 



Lemma 7.2 Let Vt = n ^{t) be a smooth fiber. Then Hi{Vt,' 



Hi{V,Q) is zero. 



Proof. Recall the assumption that there is a multiplicative fiber, say Yi. Let a be the 
local monodromy around Pi. Then the action of a on H^{Vt, Z) is given by the matrix 



1 r 
II ' 



r > 1. 



Therefore the image of H\V,Q) H^{Vt,Q) has dimension < 1. On the other hand it 
constitutes a sub Hodge structure of H^{Vt,Q:) (0 II). Thus it is zero. Q.E.D. 



Proposition 7.3 Suppose that n is prime to 6ri ■ ■ ■ r^. Then the following are equivalent. 

(1) n is prime to tjifi(V, Z)tor- 

(2) H\Vt,Z/nY^^^°'''> = 0. 

(3) i7i(S°,Z/n) = /fi(f/o,Z/n) 

(4) H\C,Z/n) = H\V,Z/n) 

(5) Hi{Vt,Z/n) Hi{V,Z/n) is zero. 

Proof. Note that Hi{V,Z/n) = Hi{V,Z)/n for any CW complex V. By the universal 
coefficient theorem and the fact that Hi{S^,Z) and Hi{C,Z) are torsion free, we have 

^ Hi{S^, Z/n) = Hi{U\ Z/n) 

(jH) ^ Hi{C,Z/n) = Hi{V,Z/n). 
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p^^dHD. Let 

be the Leray spectral sequence. Due to the section e, the maps are injective. 

Therefore we have an exact sequence 

^ Z/n) H\U\ Z/n) H\Vt, Z/nY'^^"''^ 

and hence the desired equivalence. 

(ini)<^=^Q. In the following commutative diagram 

> H\S^,Z/n) y H\U^,Z/n) > H\Vt,Z/ny'^-'^°^''^ > 



/i 



> H\C,Z/n) > H\V,Z/n) > Coker > 

the rows are split exact sequences. We want to show that /s is bijective. To do this, it is 
enough to show that Coker fi — > Coker /2 is surjective as /i and /2 are injective. Let the 
notations be as in Lemma f7. 11 There are the isomorphisms 

Coker /i ^ ker(0 Z/n ■ pi — > H\C, Z/n)), 

i 

Coker /2 ^ ker(0 Z/n ■ yf^ — > H\V, Z/n)) 

i,k 

where Pi corresponds to Pj. The map Coker fi Coker /2 is given by 

k 

By Lemma mi Coker /2 is generated by [Fj] — \Yj\ {i < j). Therefore Coker fi Coker /2 
is surjective. 

Due to Lemma 17^ we have a split exact sequence 

H^{V, Z)tor H,{V, Z) ^ H,{C, Z) 0. 

By the universal coefficients theorem we have 

— > H\C, Z/n) — > H\V, Z/n) — > Eom{Hi{V, Z)tor, Z/n) — > 

and hence the desired equivalence. 
([T))^©. It follows from (0) that we have 

Hi{V, Z/n) = Hi{V, Z)/n = {Hi{V, Z)/Hi{V, Z)tor) ® Z/n. 

Therefore it is enough to show that the map 

Hi{Vt,Z) Hi{V,Z)/Hi{V,Z),or Hi{V,Q) 

is zero. This follows from Lemma (7. 21 
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©^^dll)- We want to show that the map e* : Hi{C,Z/n) Hi(y,1i/n) is surjective. 
To do this, it is enough to show that Hi{S^,Z/n) Hi{V,Z/n) is surjective. There is 
the spht exact sequence 

1 MVt) vri(f/°) n,{S') 1. 

In particular we have that TCiiVt) © Hi^S^)^^ 7ri(f/°)^'^ is surjective and hence so is 
Hi{Vt,Z/n) © Hi{S'^,Z/n) Hi{U°,Z/n). On the other hand since Hi{U°,Z/n) -> 
Hi{V, Z/n) is surjective, we have the surjectivity of Hi{Vt, Z/n)Q)Hi{S^, Z/n) — > Hi{V, Z/n) 
However by ((HI), Hi{Vt,Z/n) — » Hi{V,Z/n) is zero. Thus we have the surjectivity of 
Hi{S^,Z/n) Hi{V,Z/n). Q.E.D. 



Lemma 7.4 // there is a singular fiber which is not a multiplicative one, then the equiv- 
alent conditions in Proposition \ 7. 'J[ are satisfied for all n such that {n, 6ri ■ ■ - r^) = 1. 

Proof. We see that (jSj) is satisfied. Let Yj be the singular fiber which is not multiplicative. 
Then it is simply connected. Since Hi{Vt, Z/n) — * Hi{V, Z/n) factors through Hi{Yj, Z/n) 
it is zero. Q.E.D. 



Lemma 7.5 Assume that n is prime to 6ri ■ ■ - r^ and satisfies the equivalent conditions 
in Proposition ]?.^ Then n is prime to the cardinality of the torsion part of H'^{V,Z). 

Proof. This follows from a commutative diagram 

> H\V,Z)/n > H\V,Z/n) > H^{V,Z)[n] > 



H\C,Z)/n H\C,Z/n) 

and dH). Q.E.D. 

We put 

Cz/nU) ■■= Gokei{Hl{V,Z/n{3)) H\V,Z/n{j))), 

h/nU) ■■= lme,ge{HUV,Z/n{j)) H\V,Z/n{j))). 
From ()7.1|) we have exact sequences 

h/nU) H\V,Z/nU)) Cz/nU) — 0, (7.5) 

Cz/nU) H\U\Z/n{3)) ^ HUV,Z/n{j)) H%V,Z/n{j)). (7.6) 
Note that 6 in fl7.fi |1 gives rise to the boundary map (cf. ^2.4|1 

ds : H\U', Z/n{j)) ^ H^V, Z/n{j)) ^ Z/n{j - 2)®^ (7.7) 
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Proposition 7.6 Assume that n is prime to 6ri ■ ■ ■ and satisfies the equivalent condi- 
tions in Proposition \ 1. 5] 

(1) The exact sequence ()7.5|1 has a splitting induced from ()7.H|1 . In particular Cz/n{j) 
is a direct summand of H'^{V,7j/n{j)) . Moreover we have Iz/n{j) — — 1)®. 

(2) The boundary map Ob is surjective. Hence we have an exact sequence 

C^/n{j) H\U\ Z/n{j)) ^ Z/n{j - 2)®^ 0. (7.8) 

(3) H^V^Z/n) ^ {H\V,Z)/H\V,Z\,,)^Z/n. 
Proof. (^. This follows from Lemma f7. II 

(121). It is enough to show that the map HyiVjZ/n^j)) — > H^(y,Z/n{j)) in ()7.fi|l is zero. 
Due to the Poincare-Lefschetz duality we have 

HUV,Z/n{j)) > H\V,Z/n{j)) 

®l^H,{Y„Z/n{j-2)) > H,iV,Z/nij-2)). 

We see that -^1(1^4, Z/n) HiiV, Z/n) is zero for each i. Since there is a surjective map 
Hi(yt,Z/n) Hi(Yi,Z/n), it is enough to see that Hi(yt,Z/n) — > Hi(y,Z/n) is zero. 
However this follows from Proposition 17.31 

(jni). This follows from Proposition 17.31 (|T|. Lemma f7. 51 and the exact sequence 

H^{V,Z) H^{V,Z) > H^{V,Z/n) > H%V,Z)[n] > 

Hi{V,Z)[n]. 

Q.E.D. 

7.2 Proof of Theorem B 

Due to Lemma 12.41 the assertions in Theorem B do not depend on the choice of Up. 
Thus we may assume that Up = Xj?— (all singular fibers). Let vr^ : Vp — > Cp be the 
minimal elliptic surface associated to Xp. Then H?^{Xp^,Z/n) = H^^(y-p,Z/n) © Z/n® 
and Hl{Xp,Z/n) = Hi,{Vp,Z/n) for i =^ 2. Therefore if we replace Xp with Vp, the 
assumptions in Theorem B hold. Thus we may replace Xp with Vp. We put 

Cl%.U) := Coker{Hly{Vp,Z/p^{j)) Hl{Vp,Z/p^{m, 

:= lma.geiHlyiVp,Z/p^ij)) Hl{Vp,Z/p%j))) 

and := lim C^i^^ , := lim Jy^p^ . Thanks to a theorem of M. Artin, there are the 
natural isomorphisms 

Hl,{Wp,Z/n{3)) = H'^iWc,Z/nij)) 
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for any separated scheme W of finite type over F with an embedding F •—>■ C Note that 
H*^{W-p,Zp) is torsion free if and only if p is prime to the cardinality of H^(Wc,'Z^)tor- 
Therefore we can apply Proposition 17.61 for the etale cohomology groups of Vp. Thus we 
have the exact sequence 

^ CilU) ^ HliU^, Z,(j)) ^ - 2r ^ (7.9) 

of Gp-modules from Proposition 17. 61 (^1 . C^^{j) is a direct summand of H^^iVp, l^p^j)) by 
Proposition l7.6l(| T|). Moreover Hl^iV-p, 'Lp{j)) is torsion free and there is an exact sequence 

Hl{V^,Zp{j)) ^ HliV-^,Zpij)) ^ HUV-^,Z/p^{j)) (7.10) 
by Proposition 17.61 Q . 

7.2.1 Proof of Theorem B (1) 

For a scheme U' with —>■ U' we put 

r(t/')ct := Image(r(f/', /C2) ® ^ HUU^., Zp(2))). 

Then we show 

r([/°)et = r{u^),,. (7.11) 



Claim 7.7 r{U%),t ®Qp = r{U^^ 



et ^ VLp- 



Note that r(f/°,)^tnC|* (2) is torsion so that we have r{U%)(,t®Qp = 56t(r(f/°,)^t)®Qp = 
dr{Up,, IC2) ® Qp for F' = F 01 F. Therefore the assertion follows from Lemma f2. 41 (2). 

Claim 7.8 r(f/0),, C Hl{U^,Zp{2)f- . 

In fact, it follows from ClaimOthat we have r{U^)a0Qp = r{U'^)a0Qp C Hl{U^, Qp(2))^^. 
Then the assertion follows from the fact that iJ|.(f/-^, Zp(2)) is torsion free. 

Claim 7.9 i/|(f/^, Zp(2))/r(t/0)e't is torsion free. 

Put M := H?^{Up, Zp{2))/ r{Up)^f Due to the finiteness of the Galois cohomology groups 
of F, M is finitely generated over Zp. Therefore it is enough to show that 

M/p" — ^ M/p""^^ , x\ — >p-x 

is injective. Due to Suslin's exact sequence (Theorem 12. 2p we have an injective map 
Mjp^ H^^^{Up, IC2)[p'^] and a commutative diagram 

M/p- . Hl^iU'p,}C2m 



V 



n 



Thus Claim 17711 follows. 
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Claim 7.10 There is an exact sequence 

Hl{S%Z,{2)) Hl{Ul,Z,{2)) ^ Hl{U%Z,{2)f- 0. 
This is split by the section e. 
Consider tlie Hocliscliild-Serre spectral sequences 

Ej^o = H\F,Hi{U%Z/p^{2))) =^ Hlt\U'^,Z/p^{2)) 

E^^,, = H\F,Hi{S%Zlfm =^ Hi:\SlZ/p'^{2)). 

By Proposition O©, Hl{S^,Z/p''{2)) = Hl^iU^.Z/p" {2)). Therefore we have E^^^ = 

E^^jjQ for j = 0, 1. Thus we have -E^^o = E^jjo and -E^^o — E'^jjo, and hence an exact 
sequence 

^ HliS'^^,Z/p'^i2)) ^ HliU'^,Z/p'^i2)) ^ Hl{U^,Z/p^{2)f-. 

The rest of the proof is to show that the right arrow v is surjective, which is equivalent 
to E'^^o = E^jjo- To do this it is enough to show that the map E^jjd — > E'^jjq and 
-^3 1/0 ~^ -^s'c/o zero. The latter follows from the injectivity of Ef^^ i?^o- We show 
the former. There is a commutative diagram 

7-102 " , 7-121 , 7-13 

- u 

7TI02 ^ , 7-121 , 7-13 

with exact rows. Therefore a = <^=^ b is injective <^=^ d is injective <^=^ c = 0. However 
this is clear as -£^2^50 = 0. 

Now we show ()7.11|) . By Claim ITiTUl we have a commutative diagram 

, Zp(2)) ^ HUU'^, Z,(2)) ^ HliU^, Z,{2)f- 

r(^o , /C2) ® Zp — r(?70 , /C2) ® Zp Coker tt^ 

with split exact rows by the section ep- Together with Claim ITHl we have that 

HUU^,Zp{2)f-/r{U'pU (7.12) 
is torsion free. Therefore, in the following commutative diagram 

r(f/°),t Him,Zp{2)f- 

a 

Coker a is torsion free. On the other hand Coker a is torsion by Claim ITTI This means 
that a is bijective. This completes the proof of (jT.llj) and hence Theorem B (1). 
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7.2.2 Proof of Theorem B (2) 

In the same way as Claim FTHl we have 

Image(r(f/|, /C^) ® ^ Hl{U^, Zp(2))) C Hl{U% Z,(2))^-. (7.13) 
Applying Rr(G'ir, -) on (TtTIIi . we have 

> Hl{U%Z/p^{2)r- . {Z/p^^^ > H\GF,Ci%.{2)) 

r(U%lC,)/p^ 

with an exact row. Passing to the projective limit, we have 

V 

^ A' 

dlog = 

r{u%K^)®i.^ zf . 

We want to show that the cokernel of d is torsion free. In the same way as the proof of 
Claim rrr^ we can show that the cokernel of dlog is torsion free. Since C|*p^(2) is a direct 
summand of Z/p'^(2)), it is enough to show that 

\^E\Gp, HliVp, Z/p^m (7.14) 

is torsion free. We have an exact sequence 

— El{y^,%lp^-\2)) Hl{y-^,Z/p^{2)) ^ Hl{y^,Z/p{2)) 
from ()7.10p . Applying Rr(G'^, — ) to the above, we see that the following map 

H\Gp,Hl(y^,Z/p^-\2))) H\G^,Hl{V-p,Z/p''m 

is injective for all u > 1 due to the vanishing H?^{V-p,'Ij/p(2))'^'' = 0. Passing to the 
projective limit, we have the injectivity of 

limH\GF,Hl{V^,Z/p''{2)))^limH\GF,HUV^,Z/p''{2))), x^p-x. 

V V 

This means that ()7.14j) is torsion free. This completes the proof of Theorem B (2). 

8 Modular elliptic surface 

The purpose of this section is to prove Conjecture 13.71 for a universal elliptic curve 
X{N) {N > 3) over a modular curve (Theorem I8.1jl . 
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8.1 Preliminaries and notations on modular curves 

For a congruence subgroup F C SL2(Z) (i.e. F D F{N) for some > 1), we denote by 
Mk{F) (resp. Sk{F)) the C- vector space of modular forms (resp. cusp forms) of weight k 
with respect to F. See [Zj Def. 1.2.3, or (20] §2.1 for the definition {Mk{F) is denoted by 
AkiF) in [20]). 



8.1.1 Hecke operators 

We focus on the special case F = F{N) with > 3. Let 



a b\ ^ (* 
c d ~ [o * 



mod 



The group Fq/F = (Z/N)* acts on Sk{F) by 

f\bh:={cT + d)-'fi^±^), 7= J) G^o, TG^ (8.1) 

where denotes the complex upper half plane. Since f\['y]k depends only on d mod 
A^, it is sometimes written as {d)f, and (d) is called a diamond operator ([2j 5.2). Let 
X : (Z/NZy ^ C* be a Dirichlet character. We put x(a) = if {a, N) ^ 1. We define 
Ski^o, x) C Sk{F) as the set of all / G Sk{F) satisfying 

{d)f = xid)f for all G (Z/AT)*. (8.2) 

Then we have 

Sk{F) = ^Sk{Fo,x) (8.3) 

X 

where x runs over all Dirichlet characters of (Z/NZ)*. The decomposition ()8.3p is mutu- 
ally orthogonal with respect to the Petersson inner product (|2II| (3.5.4)). 

There are the Hecke operators Tm on Sk{F). See [20! §3.2 for the definition (where 
is denoted by T{m)). They satisfy T„Tm = Tnm for (n,m) = 1 and 

p|jv 

on Sk{F) for r > 1 and any prime number p (loc.cit. Thm. 3.24 and (3.5.8)). The Hecke 
operators and diamond operators are mutually commutative and normal with respect to 
the Petersson inner product (loc.cit. Thm. 3.41). Therefore they are simultaneously 
diagonalizable. A common eigen function for all T„ is called a Hecke eigenform. If 
/ G Sk{F) is a Hecke eigenform, then there is a unique Dirichlet character x such that 
/ G Sk{Fo,x) (loc.cit. Prop. 3.53). 

Put gjv = exp(27rzT/A^). Let / = J2'^=i Cn^lv be the Fourier expansion at oo. Suppose 
that / G Sk{Fo,x)- Then the Fourier expansion of Tmf is given as follows (loc.cit. 
(3.5.12)) 

oo 

rm/ = ^<g]^, c*^= x{a)a^'^Cmn/a^- (8.5) 

n=l a\{n,m) 
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In particular, if {p)f = Yln=i '^n^N ^"^^ ^ prime number p, then we have 

J. |Er=l(Cnp + p''-K/p)(lN P )(N 

where we put c^^^ = unless p\n. Suppose that / G 5'fc(/o,x) is a Hecke eigenform. If 
Ci = 1, then we say that / is normalized. In this case we have T^f = Cmf and 

Cnm = CnCm ((w, m) = 1), Cpr+i = CpCpr - x{p)P^~^ Cpr-i (r > 1) (8.7) 

(loc.cit. Thm. 3.43). It is well-known that the characteristic polynomial of has 
rational integer coefficients for all m > 1 (loc.cit. (3.5.20)). Hence all Fourier coefficients 
of a normalized Hecke eigenform are algebraic integers in a number field. 

8.1.2 Modular curves : Deligne and Rapoport fHj 

Let r = r{N) with > 3. Put On ■= ^[Cn, l/N] where Cn is a primitive A^-th root of 
unity. The main result of [0] tells that there are the algebraic curve 

X{N)o^ SpecO^ (8.8) 

and the open subscheme Y{N)oj^ C X{N)of^ such that 

X{N)a^ xc,, C ^ (f) U Q U {oo})/r(iV) 

They are called the modular curves. The morphism ()8.8|) is projective and smooth (loc.cit. 
IV. Cor. 2.9), and the geometric fiber is connected (loc.cit. IV. Cor. 5.5). The comple- 
ment := X{N)or^ — Y{N)or^ is the disjoint union of copies of SpecOAr (loc.cit. VII. 
Cor. 2.5), which we put = {Pi, ■ ■ ■ , Pg}. We call the points Pi the cusps. 

Since X{N)or^ is the fine moduli of generalized elliptic curves with level structure N 
(loc.cit. IV. Def. 2.4), we have the universal elliptic curve 



tt:£n — ^ X{N) 



The morphism vr is projective over X(A^)c)^, and smooth over Y{N)q^. The fiber Di^Qj^ : = 
■K~^{Pi) over a cusp Pi G is a standard Neron A^-gon. More precisely, let Ap- : 

SpecCAr[[gAr]] — >■ X[N)oi^ be the formal neighborhood of Pi. Then the fiber 7r~^(Ap.) is 
isomorphic to the regular model £q,ON[[qN]] §4.2.11 (loc.cit. VII. Cor. 2.4). In particular, 
the elliptic surface : £n ~^ X{N)o,^ has only singular fibers of type In over the cusps 
and satisfies (Rat). 

Let Dqj^ := J2i Di,ON — ^^^(^Ojv)- Define an invertible sheaf Q by the exact sequence 

The sheaf fl is isomorphic to the dualizing sheaf T-C^^^Rtt'O). Put u = n^^Q. This is 
also an invertible sheaf which is generated by du/u locally at the cusps where du/u is 
the canonical invariant 1-form of the Tate curve (cf. ()3.6p ). Then there is the natural 
isomorphism 

^ — '^x{N)/oA^Or,). — I — ' (8.9) 

U Qn 
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(loc.cit. VI. 4.5). Moreover we have the natural isomorphism 

M,{r)^r{X{N)a^,u;^')0o^C, f ^ f— (8.10) 

(loc.cit. VII. 4.6). We identify Mk{r) with the set of sections of u;®^ by (jOT]|l . Then 
Sk{r) can be identified with 

For an OTv-algebra R, we put 

M,{r)n = r{X{N)o,,uj''') R, (8.11) 

S,{r)n = r{X{N)o^,Q],^^yar. ® ^'''~') R- (8-12) 
Let fi^^ G Sk{r,x) be the normalized Hecke eigenforms and /j,^ = J2n>i^i,xi^)lN ^^e 
Fourier expansions. Let Fjy = Q{CN,Ci,x{^))i,x,n which is a finite extension of Q. Then 
fi^^ is contained in Sk{r)p^ = Sk{r)a^ ®On and form a basis of it: 

SkinF^ = ^F^.f,,^. (8.13) 

8.2 Dlog image of K2 of modular elliptic surface 

Let > 3 be an integer and p a prime number such that p /\2N. Let K he a. finite 
unramified extension of Qp of degree d. Let R be the ring of integers in K. Suppose 
Cn £ R- Let X{N)ji := X{N)aj^ Xq^ R be the modular curve over R and 

nR : Xr = Sn Xom R — ' X{N)r 

the universal elliptic curve. Let S/j = {Pi,-- - ,Ps} C X{N)r be the cusps. We put 
= ^R\P^) and Un = XR- Dr. 

Theorem 8.1 dlogr([%, IC2) ®z Qp = HXr, Dr)^^ Qp- 

8.3 Proof of Theorem [O 

We use the following theorem of A. Beilinson. 

Theorem 8.2 ([3J Cor. 3.1.8.) The rank 0/ dlogr'(f/-^, /C2) equal to s(=the number 
of cusps of X{N) ). 

More precisely, Beilinson constructed the Eisenstein symbols in /^(t/-^, /C2); and showed 
that the boundary map d induces the bijection on the space of the Eisenstein symbols. 
See lini §7 for another proof. 

In order to prove Theorem 18.11 it is enough to show iax]ki^(^{XR, Dr)i^ < s. Recall 
the definition ()8.11|) and ()8.12j) . We have from ()8.9|) the natural isomorphisms 

M,ir)R ^ r{XR,nl^,^{\ogDR)), s,{r)R ^ r{XR,n\^,^). (8.i4) 

Therefore in order to show rankap$(X/j, Dr)i^ < s, it is enough to show 

(S^inR n ^Xr, Dr)^^) ® = 0. (8.15) 
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8.3.1 Lemmas on the Fourier coefficients 

Fix a cyclotomic basis /i = {Ci, ■ ■ ■ ,Cd} of R. Let C S-i{r)ji be tlie Zp-submodule 
generated by / G Ss^r)^ sucli tliat if we express 

fc=l i=l ^ ^*^iV 

then a^!'' = mod p^^l^p for all k and i. Since 7 G SL2(Z) acts on the cusps transitively, 

we see 

7eSL2(Z) 



Lemma 8.3 Let f G 5*3 (r)/? 6e a rasj» /orro of weight 3 and level N. If f & ^{Xji, D^jz^ 
then {d)f G ^Xr,Dr)^^ for all d G (Z/N)*. Moreover zf f e then T^f G /or 
all m > 1. 

Proof. An element 7 G -Tq//^ = (Z/A^Z)* induces an automorphism of the universal 
elliptic curve Xr X{N)r in a natural way, which we denote by a^. By the definition 
()8.1|) we have 

^frdqNdu dqN du [a h 



Therefore if / G ^{Xr, Dnjzp then ()8.1(i|l is also contained in ^{Xr, DrJi^, namely 
{d)f G $(XK,Dfi)z, for all d G (Z/N)*. 

Next suppose that / G $^ . It is enough to show T^f G $^ for all prime £. Express 



k=l i=l ^ ^^^N k=l i=l ^ ^'^N 



with a^k\b^k'' ^ ^p- Here we put {£)f = if i\N. Since / and (£)/ are contained in 
we have 

a[^'^ = b^'^ = mod fc^Zp for all , i (8.17) 
by definition. Using ()8.(i|l . a direct calculation yields 



In order to show Tf{f) G the only non trivial part is to show 



' 1 - Cf 

However this can be proved by the same argument as in the proof of Lemma f3.4[ Q.E.D. 



48 



Lemma 8.4 Let A be a discrete valuation ring and vr a uniformizer. Let a & A be a 
non-zero element such that e := ord^(a) > 1. Let {a„}„>o be a sequence in A satisfying 

ao = 1, a„+2 = aiUn+i - aa^, n>0. (8.18) 

Suppose that there are integers d > 1 and s > such that 

an+d = cbn mod tt''"^'' foralln>0. (8.19) 

Then there is a d-th root of unity ( such that 

an= , , I , ^>0. 8.20 

Proof. We have from ()8.18|1 that 

an+k+2 = ak+ittn+i - aauan (n, k > 0). (8.21) 
Put /c = c/ - 1, c/ - 2 in ipOT]) and apply (jOTH) : 

-aad-ian = (1 - ad)an+i mod 7,-''"+''"^, n > 0, (8.22) 

(1 + aaci-2)cin = CLd-iO'n+i mod tt"^""**, n > 0. (8.23) 
Repeating them, we have 

{-aaa-iYan = {I - cid) V+d ^ (1 - Od) V mod 7r^''~% n > 0, (8.24) 

(1 + aad-2Yan = a^.^a^+d ^ a'^^ittn mod vr""-", n > 0. (8.25) 

We first claim that ai ^ mod vr. Suppose ai = mod vr. Then we have = a" = 
mod vr for all n > 1 by §J^. (^T^ yields 

\ d / \ dk 

-aad-i \ / -aad-i \ n j ens , 1 

a„ = a„ = ■ • ■ = ctn = mod vr , /c > 1 



1 - ctd / \ 1 - ad 

as ord7r(a;) = e > 0. Suppose that there is an integer m > such that a„ = mod 
^en+m-s all 72 > 1. Then we have 



en+e+l+m—s 



aan = aiQn+i — ctn+2 = mod vr 

and hence a„ = mod 7^^"+™+!-*. Therefore the induction yields a„ = mod 77'^"'+™'-* 
for all m > and n > 1. This means a„ = for all n > 1, which contradicts ()8.18j) . 

We now have ai ^ mod vr. Then a„ = a" ^ mod vr for all n > by ()8.18j) . 
Therefore and ^TI^ imply (-aa^-i)'^ = (1 - ddY and (1 + aad-2Y = aj^^ mod 

^en-s n >0, which means {—aaa-iY = (1 — aaY and (1 + aad-2Y = cid-i- 

-aad-i = C(l - ad), 1 + aad-2 = C'«d-i (8-26) 
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where (, (' are d-th roots of unity. We claim ( = In fact due to ()8.22j] and ()8.2Hj) . we 
have 

—aad-ian = — C'^^afld-ic^n+i mod 7r^"+'=-*^ n > 0, 
ad-ian = C~^ad-ian+i mod vr'^""'*, n > 0. 
The above imphes C = C mod vr'^""* for all n > 0, hence C = Thus we have 

T , >-i . f \ , /--I 

= l-ttrf + C aad-i = I - [aiad-i - aad-2) + C aod-i 

EM > , >-i 

Since a^.i 7^ 0, we have ai = ( + (^^a. This yields ()8.2()|1 by the induction on n. Q.E.D. 



8.3.2 End of the proof 

We finish the proof of Theorem 18. 11 It is enough to show ()8.15p . Suppose that there is a 
non-zero / = J2'^=i c(^)'?Ar ^ Ss^r)^ such that / G Djijzp- Let / be expressed 

00 d 



C m 

k=l i=l - ^'^N 



with ai{k) G Zp. Let a : R —>■ R he the Frobenius automorphism. Then 

r d d 
fc=0 i=l i=l 

as Cf = C- Since / G D^j)^, C we have 

c(p"+^) = a(c(p")) mod r > 0. 

Repeating it, we have 

c(/+'^) = c(/) mod Z^'+'i?, r > (8.27) 

as cr'^ = 1. Let fi^^ = Yl'^=i ^i,x(''^)lN be the normalized Hecke eigenforms, and express 
/ ~ J2ix^hxfhx with tti^^ G K{ci^^{n))i^^^n (cf- ()8.13|) ). Then ()8.27|) is written as 

= mod p^'-^^R, r>0. (8.28) 

On the other hand By Lemma IHIHl we have Tmf = J2i x^^'xi''^)^i,xfi,x ^ 
m > 1. Similarly to ()8.28|) we have 

^Ci,;^(m)ai,^Ci,;^(/+'^) = ^Cj,x(m)ai,^Ci,;^(p'') mod r>0 (8.29) 

«,x i.X 

for all m > 1. Since fi^^ are linearly independent, ()8.29p yields that there is an integer 
s > which does not depend on r such that 
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for all i and x where R' is the ring of integers in K{ci^^{n))i^^^n- Take fi^^ such that 
tti^^ 7^ 0. Due to ()8.7|) and ()8.30|) . one can apply Lemma lOl for a„ = Ci^^{p"'). Then we 

C-C ^x{p)p^ 

However, since fi^^ is a cusp form of weight 3, we have an estimate |cj^^(n)| < Cn^^"^ where 
|Q,;^(n)| denotes the complex absolute value ([20 Lem. 3.62, [7^ Prop. 5.9.1). This is the 
contradiction. This completes the proof of ()8.15|) and hence Theorem 18.11 



9 Example : elliptic surfaces = + + 

Let vr : X — i> C = minimal elliptic surface over C such that the general fiber 

7r^^(t) is the elliptic curve defined by 

F2 = x^ + X2 + r, n>l. (9.1) 

The functional j-invariant is — 64/(t"(l + 27t"/4)). Put n = 6k + I where k > and 
1 < / < 6. Then the canonical bundle Kx is TT*0{k — 1) and the Hodge numbers are as 
follows: 

1 



k lO + lOfc k 


1 

In particular X is rational if 1 < n < 6, a K3 surface if 7 < n < 12 and k{X) = 1 if 
n > 13. There are (n + 2) singular fibers, Dq = 7r-i(0), A = 7r-i( ^-4/27^) (l < i < n) 
and = 7v~^{oo). The multiplicative fibers are D = Dq + ■ ■ ■ + D„. Dq is of type J„ and 
Di is of type Ji for 1 <i <n. The type of Foo is as follows: 



/ 


1 2 


3 


4 


5 6 


Y 


II* IV* 


T* 
■■■0 


IV 


II (smooth) 



The number of multiplicative fibers is s = n + 1. We put S = {0, a/— 4/27^^ (1 < « < 
n)} CC andU = X - D. 

The purpose of this section is to prove the following: 
Theorem 9.1 Suppose that n is a prime number with 2 < n < 29. Then we have 

rank dlogr(f/, /C2) = 2. 

The dlog image is generated by 

rr-x_f^| diog(!l^i^±Mi:±iZ^\ 

^\y + X' ^\2F + (X + 2/3)' (X + 2/3)3J 

Note dlogr(f/, /C2) = dlogr(t/ - Foo, /C2) (Lemmas ESI and El. 
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9.1 Proof of Theorem \9A\ 

b 

Let d : r(f/, IC2) ^ be the boundary map where the base (0, ■ ■ ■ , 1, ■ ■ ■ , 0) G Z®^+'" 

corresponds to the fiber Db ior < b < n. We want to show that the rank of 9r'([/, /C2) 
is 2. A direct calculation yields 

— .-^| = (n,0....,0), 

r y_(.y + 2/3) _ t- + 4/27 1 

l!F+(X + 2/3)' (A: + 2/3)3J • • 

Therefore we have rank dr{U, /C2) > 2 and hence it is enough to show rank dr{U, /C2) ^ 2. 
To do this we use Theorem 



9.1.1 Step 1 : Choice of p > 5 and tt/j : X/j — > C/j 

Let p /6n be a prime number. Let K = Qp{V—l, 4/27, Cn) be an unramified extension 
over Qp and i? the ring of integers in K. Let 

ttr : — > Cij 

be the elliptic surface over R obtained from the defining equation Y"^ = + + in 
a natural way such that Xk '■= Xpi x ji K is minimal. One can easily check that it is an 
elliptic surface in the sense of ^2.31 and satisfies (Rat). Since 6 /n, the fiber Y^o is not a 
multiplicative type. Therefore if|^(X;^, Zp) is torsion free by Lemma f7. 41 and Proposition 
17.61 0- Thus the condition in Theorem 16.21 (1) is satisfied. Let us see the condition in 
Theorem O (2). Let F = Q(v^, v^-4/27, One can check that ttk : Xk ^ Cr 
is defined over F, which we write t^f '■ Xp —>■ Cp. It is easy to see that np : Xp —>■ Cp 
satisfies (Rat). We discuss the condition 

H\Xp,Z/p{2)f^ = 0. (9.2) 

To do this, we see the Frobenius action. Suppose that Xp has a good reduction at a prime 
I of F which is prime to p. Let £ be a rational prime such that Let k, be the residue 
field at [ and put t = : F^]. Let Frob[ G GbIIk/k) be the Frobenius automorphism. By 
the proper smooth base change theorem we have 

HUXp,Z/pi2)) = HUX^,Z/p{2)). 

By Proposition 17.61 we have 

HUXt,, Z/p{2)) = Hl{X^, Zp(2)) ® Z/pZ 

and HgiXj^, Zp{2)) is torsion free. Denote by Frob^"*^ the action of Frobi on Hl{X^, Zp{j)). 

If p SctijlsflGS 

p /det(l - Frobf*^ : HUX^, Zp(2))), (9.3) 

then ()9.2|) holds. There is the geometric Frobenius endomorphism on Xjr. Denote 
by Frobf^° the action of the geometric Frobenius on if|.(XK, Zp(j)). Then Frobf*^" • 
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Frobf"*'' = Frob^"*'' ■ Frobf ° is the identity. By the Poincare duahty theorem, the dual of 
Hl{X^,Zp{2)) is Hl{XTr,Zp). Thus we have 

det(l - Frobf*^ : Hl{X^, Z,{2))) = det(l - Frobf" : Hl{X^, Z,)). (9.4) 

Xp is defined over Q and is defined over the prime field F^, which we denote by Xq 
and X^^ respectively. Let Frobf ° be the geometric Frobenius action on H?^{Xf^,Zp) = 
H?^{X-^,Zp) and its eigenvalues. Since Frobf ° = (Frobf °)* we have 

10+12A: 

det(l - Frobf ° : Hl{X^, Z,)) = J] " (9-^) 

1=1 

The eigenvalues are computed from the zeta function of Xf^. Namely letting Umi^Fi) 
be the cardinality of the F^m-rational points of Xp^, the zeta function Z(Xf^, T) G Zi[[T]] 
is defined as follows: 

Z(Xf„ T) exp y '^^i^T"^. 
Due to the Lefschetz trace formula we have 

1 



;i - T)(l - PT) det(l - FrobrT : HUX^^, Z,)) 
Hence we have 

10+12fc 

z/„(XfJ = 1+£'"^+ Y1 (9.6) 



i=l 



Moreover it follows from the Poincare duality that we have 

10+12fc 



J] a, = ±f'+'^K (9.7) 
j=i 

Let us compute z/„(XfJ. Put 

X° := SpecF^X, Y, t]/{Y^ - X^ - X^ ~ t") ^ X^,. 

Since Xp^ = (X° - {t = 0}) U Z^o U Foo U e(pi), we have 

Um{XfJ = l + {12k-n + ll)r + Um{X") unless 6|n. (9.8) 

Suppose that n is a prime number and {i mod n) is a generator of (Z/n)*. Then ¥fm F^m 
2; 2;"- is bijective unless n — l\m and hence we have 

z/^(X°) = £2"^ unless n - l\m. (9.9) 

By dnH), (EH) and (HH) we have 

10+12fc 

^ a'l' = {12k - n + ll)r unless n-l|m. (9.10) 

i=l 
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Claim 9.2 Suppose n > 11. Then (^J^ and (jOTl|l yield 



10+12A: 



i=i 

.0+1 



a 

i=l 

10+12fc 



n-1 



(10 + i2k)r-^ 

10 



a 



2n-2 



(10 + 12A;)f 



■71-1 



»10+12A; 



i=l 



(9.11) 



Proof. Exercise on symmetric polynomials. Q.E.D. 

By the Weil-Riemann conjecture we have 

K| = £ foranya:Q^C. 

Therefore Claim O implies a,^""^ = £^"-2 for all 1 < i < 10 + 12A;. Since 2n-2 is divided 
hj t = [k, : ¥i], ()9.3p holds if p /(I — £2n--2-j for 77, > n. There exist infinitely many i such 
that {i mod p) is a generator of (Z/p)* and (£ mod ra) is a generator of (Z/n)*. For such 
if p - 1 /2n - 2, then p /(I - f^'^-^) and hence Thus holds if p - 1 /2n - 2 

for n > 11. 

In the cases n = 2,3, 5, 7, we check ()9.3|) as the case may be. 
Case n=2 . We put i = 13. Then k = F13 (t = 1). By a direct calculation we have 

10 



z/i(Xf 



132 + 10-13 + 1 (^ J^Oi = 10- 13). 



j=i 



Then it follows from the Weil-Riemann conjecture 1)9.111) that we have = 13 for all 
1 < z < 10. Thus if p /13 - 1 (i.e. p > 5) then (jHSl) and hence (jH^I) hold. 
Case n=3 . We put i=7. Then k = F76 (t = 6). 

uiiXf,) = 72 + 10-7+1. 

Therefore we have = 7 for all 1 < i < 10. Thus if p /f7^ — 1 (<^==^ p ^ 2,3, 19, 43) then 
()9.3|) holds. On the other hand let i = 13. Then k = F133 (t = 3) and 

ui{XfJ = 132 + 10-13 + 1. 

Therefore we have aj = 13 for all 1 < i < 10 and if p /fl3'^ — 1 (<^=^ p 7^ 2, 3, 61) then 
(FOll holds. As a result, if p > 5 then (jHIS) holds. 
Case n=5 . We put i = 19. Then k = F192 (t = 2). 

19^"^ + 6 - 19™ + 1 2 /m 
19^^ + 10-192 + 1 m = 2. 

Therefore we have af = 19^ for all 1 < i < 10. Thus if p > 7 then ()9.3j) holds. 
Case n=7 . We put i = 13. Then k = F132 (t = 2). 

132™ + 16-13^ + 1 2 /m 
13^ + 22-132 + 1 m = 2. 

Therefore we have af = 132 fo^ all 1 < i < 22. Thus if p /2 - 3 - 7 - 13 then dHS)) holds. 

Summarizing the above, the elliptic surface ttr : Xji —>■ Cr over R satisfies the condi- 
tions in Theorem 16.21 in the following cases. 



i^m(-^F5 



l^m{X^ 



n 


2 


3 


5 


7 


n > 11 


p 


p > 5 


p > 5 


P>7, p^l9 


p /2 - 3 - 7 - 13 


p-1 /2(n-l) 
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9.1.2 Step 2 : Computation of dimFp$(Xjj, L'h)fp 

Let p, K = Qp{y/^, ^-4/27, C„) and ttr: Xr^ Cr be as above. Put 



r' = v^r, X' = -X-| t'=y^^\ t, t. = CV-l (l<z<n). 
Then 

Let Qi G tji?[[i(:j]] be the formal power series such that 

1 -432 
J = - + 744 + 196884gi + --- = — ^ -. 9.13 

Qi is the period of the Tate curve in the neighborhood of the singular fiber Di {1 < i < n) . 
Conversely the gj-expansion of ti is as follows: 



432 41472n + 93312 
— Qi + 2 



ti = -— + ^"'"'^ , """" g^ + ■ • • . (9.14) 



Then R{{qi)) = R{(ti)) and the isomorphism between the Tate curve ()3.1|1 and 

Ur Speci?((gi)) is given by 



pl/2 ' p3/4 



where i?4 is the Eisenstein series: 



E4 = 1 + 240 V E^" = 1 + 60qi - 4860q^ + 

^ 1 — q" 

In particular we have 



dX^ = Er^ = Ell^d_u, (9.15) 

r{XR,Vt\^l^{\og{DR))) is generated by 

,„,,dX' dt'dX' dt' dX' , . . , 

where n = 6k + I with A; > and 1 < / < 6. Since 

9dr (t'c^t'^) = (0, ■ ■ ■ , 0), 9dr (I^^) = (v^, 0, ■ ■ ■ , 0), 
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we have 

/, „ X — ^ „ In , ,dX' „ , — dt' dX^ \ — \„ dt^ dX' 

a=0 6=1 

E„ - , dX' „ J — dtj dX' X — ^ „ dtj dX' 

a=0 * h=l 

We show dimFp$(XR, -Dij)Fp < 2 as the case may be. We check it only in case n — 7. 
The other cases are similar (left to the reader) . 

Let n = 7. We take p = 11. Then K = Qii(v^,C7) = Qii(C) (C - v^Cr), 
R = Zn[C] and [X : Qn] = 6. Fix a cyclotomic basis // = {1, C, C^ • • • , C^}- Put 

a = C7 + C7 + C7 = 4 + 11 + 11' + 7 • 11=^ + ■ • • 

^ = C7 + C7 + C7 = 6 + 9 ■ 11 + 9 ■ 11" + 3 ■ ir^ + ■ ■ ■ . 

The minimal polynomial of ^7 over Qn is — ax^ + hx — 1. r{XR, fl'^^^j^{logDji))zii is 
generated by 

dX' ^ ^dt'dX' ^ df! dX' 

Rdt'^, Znv^y^, ^11^73^^ (1<6<7). 

Let us compute 

k>l 

for 1 < i < n. Since 

dlog <^ T^^, ^ = 7v^ 



dlog 



r + X ' X3 j t' y ' 

- (X + 2/3) + 4/27 1 dif^) dX' 



we have 



Let 



Express 



iF+(X + 2/3)' (X + 2/3)3] t'^-lY' 



df dX' dqi du 



^^l-q^ I-Cq! l-« 
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for 6 ^ i mod 7 and 



Mqi) = E^^^qz^ 

U aqi 



a-kqi 



dt' dX' - 



(ofc, • • ■ , fk)k>i where Ofe = {ak mod /c^Zn). The 



for & = i. By definition, y.,, , ^ ^, 

t —(,7 

following is the table for = 11, 22, 33, 44 (don't check it by hand). 



h-i 


dn 


611 


Cll 


dn 


en 


III 


d22 


b22 


C22 


•^22 


622 


/22 


1 


99 





99 





55 





11 





99 





99 





2 


77 





55 





88 





110 





55 





99 





3 


11 





55 





33 





99 





88 





11 





4 


66 





88 





99 





99 





88 





44 





5 


33 





33 





55 





110 





33 





22 





D 


zz 


u 


00 


u 


00 


u 


QQ 

yy 


u 


u 


u 


ss 

00 


u 





55 

















77 

















b — i 


^33 


^33 


C33 


^3 


633 


/33 


044 


644 


C44 


0^44 


644 


/44 


1 


99 





88 





99 





33 





55 





55 





2 








99 





55 





77 





11 





66 





3 


88 





11 





44 





11 











11 





4 


33 





55 





88 





55 





55 











5 


55 





66 





11 





11 





55 





55 





6 


88 





44 





66 





33 





66 





55 


























22 

















y, we put 






= 9 


dqi du 

Mi) 

qi u 








9b{qi) = C 




1/4 dti 
dqi 


k>l 


'^kqf 
-qf 


bkCqi 

1 - (qf 


+ ■■ 


fkCq'i 

i-c'qr 


b + 8i 


On 


bu 


Cll 


dn 


en 


111 


022 


b22 


C22 


d22 


622 


/22 





2 

















93 

















1 





2 





42 





54 


109 


95 


106 


92 


8 


101 


2 


25 





86 





79 





49 





79 





22 





3 











44 





79 


86 





101 


66 


1 


29 


4 








42 





44 





66 





48 





68 





5 





54 





25 





86 


60 


101 


116 


49 


88 


37 


6 + 8i 


033 


hs 


C33 


43 


633 


fss 


(244 


644 


C44 


0?44 


644 


fu 





114 
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1 





24 





93 





28 


17 


27 


91 


83 


22 


3 


2 


113 





7 





106 





35 





43 





67 





3 





24 





88 





28 


77 





60 


110 


44 


38 


4 


20 





15 





113 





99 





17 





51 





5 





60 





40 





52 


35 


3 


65 


35 


77 


72 
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The above tables yields that the kernel of is contained in 

Hence we have dim]F-^j$(X/j, D/j)fj^ < 2. This completes the proof. 

9.2 Indecomposable parts of Ki{X) with higher rank 

Let X be a nonsingular variety over C. Let F C X be a closed subscheme. The 
Adams operations on KY{X)q = Kj {X) Q = K[{Y) ® Q give rise to the decom- 
position 0^.irf (X)(^) (|2S]). In case i = 1 we have the decomposition i^'i(X)Q = 
®'f=i^^^ Ki{X)^^\ Of particular interest to us here is Ki{X)'^'^\ which is isomorphic 
to Bloch's higher Chow group CH^(X, 1) ® Q. Let NS(X) be the Neron-Severi group of 
X. Then there is the natural map C* ® NS(X)q ^ Ki{XY'^\ We denote its cokernel 
by /^"'^(X)*^^^ and call the indecomposable Ki of X. An element x E i^'i(X)(^^ is called 
indecomposable if it is non trivial in Kf^'^{X)^'^\ 

Lemma 9.3 Let it : X ^ C be a minimal elliptic surface over C and the complement 
of the all singular fibers. Let NS(X)' C NS(X) be the subgroup generated by the irreducible 
components of singular fibers and the section e(C). Then there is an exact sequence 

K2iU% ^ Q®^ — > i^i(X)(2)/(C* ® NS(X)'). (9.16) 

Proof. Let Di be the multiplicative fibers and Yi the singular fibers of other types. Let 
Di = D^''^ and = f/'^-' be the irreducible decompositions. Quillen's localization 
exact sequence ((24|j Prop. (5. 15)) yields an exact sequence 

ir2(t/°)(2) ^07r;(A)('^©0^((>S)^'^ ^^iW^'^ — ^2(f/°)('^ (9.17) 
» j 

On the other hand, there are exact sequences 

0iri(Df ) K[{Di) ^ Z 0, (9.18) 

k 

0i^i(rf )^ir{(r,)-^0, (9.19) 

k 

c* ■ [Z^f ] K[{D,Y'^ ^ Q ^ 0, (9.20) 

k 

C* ■ [rf ^] K[{YjY^^ 0. (9.21) 

k 

(As for Di, the above is shown in ^4.2. 1[ However the same argument also works for Yj). 
Let NS(X)" C NS(X)' be the subgroup generated by all irreducible components of the 
singular fibers. Then NS(X)' = NS(X)" © Z[e{C)]. We claim that the map 

e®NS(x)' -^iri(x)(2) 
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is injective. In fact let Ki{XY^^ O^^)® ^ Ki{Yf>Y^^® = C*® be the pull-back. 

Then the composition C* ® NS(X)' — > Ki{XY^^ — * C*® is given by the intersection 
matrix on NS{Xy. Since the intersection pairing on NS(X)' is non-degenerate (cf. proof 
of Lemma f7.1|) . it is bijective. Now a commutative diagram 





Bn+l 



di 



(1) 



(fe)i 



/^i(X)(2)/C*®NS(X)" 



iri(X)(2) 



:*®NS(x)'' 



with d = 8182 yields an exact sequence 
The rest of the proof is to show 



i^i(X)(2)/C* ® NS(X)". 



(9.22) 



Image 0ir((A)g' - K.^Xf^ fl ® [^(^)]) = 0" 



(9.23) 



Let Xt be a smooth fiber. Let Ki{XY'^^ i^i(Xi)(2) be the pull-back and /s:i(Xt)(2) ^ C* 
the norm map (also called the transfer map) for X SpecC. Then the composition C* ® 
[e(C)] ^ Ki(X)(2) ^ K,{X, 



U2) 



C* is bijective. On the other hand the composition 
K[{Di) /s:i(X)(2) ^ Ki(Xt)(2) is clearly zero. This shows that the image of ©^^{(A)^^^ 
does not intersect with C* ® [e(C)]. Thus we have Q.E.D. 



Corollary 9.4 Let tt : X ^ he the minimal elliptic surface over C defined by = 
X^ _l_ _|_ Suppose that n is prime to 30. Then there is an exact sequence 

K2iU% Q®"+^ — ^ Ki°<^(X)(2). (9.24) 
Proof In this case NS(X)Jj = NS(X)q ([2S] p.l85 Example 7, [21 Example 4). Q.E.D. 

By Theorem 19 . 1 1 and Corollarv 19.41 we have 

Theorem 9.5 Let vr : X — > be the minimal elliptic surface over C defined by Y"^ = 
X^ _l_ _|_ multiplicative fibers. Suppose that n is a prime number with 

7 < n < 29. Then we have 

dim Image ^0 K[{D,)q J^f '^(X)^^) j =n-l. 
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